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A B S T R A C T
This thesis consists of three parts, the first two dealing  
with high, and third with low , Hartmann number flow in 
magnetohydrodynamics.
The first problem treated is the determination of the 
magnetic fie ld , velocity fie ld  and drag when a solid, insulating, 
e llip tic  cylinder is moving through a viscous conducting flu id , 
under the influence of an applied magnetic fie ld . The second 
problem deals with the determination of the magnetic fie ld , ve locity  
fie ld  and flow rate when flu id is flow ing, under the influence of an 
oscillating pressure gradient, through a circular pipe. The solutions 
in both these problems involve asymptotic methods, whereas the 
fin a l problem, the determination of the couple on a lens slowly 
rotating in a flu id , involves integral equation methods.
Each problem is explained in more deta il in separate 
introductions.
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I N T R O D U C T I O N
The problem considered is that of the motion of an in fin ite  
e llip tic  cylinder parallel to its own length through a conducting flu id . 
The cylinder is constructed of solid insulating m aterial, and the 
flu id  is unbounded, incompressible and permeated by a uniform, 
transverse, applied magnetic fie ld . The problem when the cylinder 
is of circular cross-section has been solved by W aechter, (1), and 
the solutions derived in this thesis are shown to agree w ith W aechter1 s 
for the lim iting case of the circular cylinder.
x
F it is assumed that the cylinder has a 'well-rounded' shape, 
i . e .  slnh >  1 .J
5Because of the viscosity of the flu id , the motion of the 
cylinder produces a velocity  in the fluid in the direction of the 
generators of the cylinder. Although the magnetic Reynolds number 
of the flow is unrestricted, the Hartmann number, M , is taken to 
be large. The magnetic fie ld  tends to suppress vortic ity  perpendicular 
to its e lf , w hilst the viscosity of the flu id tends to promote this vo rtic ity , 
the Hartmann number measures the extent to which the magnetic fie ld  
prevails , and At is usually large.
In Chapter I ,  exact solutions, in the form of in fin ite  series, 
are obtained for the flu id velocity  and magnetic fie ld s . However, these 
series are so slowly convergent for large Hartmann number that they are 
of no practical use, and most of this work is concerned w ith finding, by 
asymptotic methods, more rapidly convergent forms of the solutions. 
However, it is found that no single asymptotic method may be applied  
to the tota l fie ld  in the physical domain,, thus separate regions have to 
be considered individually .
By use of the separation of variables technique, the basic
equations of magnetohydrodynamic theory are reduced to a M athieu and
a modified Mathieu equation, but although the most comprehensive study
of Mathieu functions is Meixner and Schafke (2) , it is found more con-
»
venient to use the related functions defined by Levy (3), (4) and 
Leppington (5), (6). Leppington has used an approach based on Sharpies' , 
(7), method to obtain asymptotic forms for these functions and although 
he does not exp lic itly  evaluate a ll the asymptotic forms used here, there 
is no d ifficu lty  in extending his work to cover the present requirements.
Although physically there is no resemblance, this problem is 
mathematically analagous to the problem of sound pulses incident on an 
acoustically soft cylinder, and we consider our problem in terms of th is  
'sound pulses' analogy/extending the latter problem to include the case
6when the sound pulses emanate from a line source.
In the final'chapter of this section, the drag exerted on the 
cylinder by the fluid is determined.
7I .  Basic equations and formal solution.
The basic equations of magnetohydrodynamic motion are, 
in a usual rotation,
( v , - Y )  y , =  ^  Yp, + j_t A t L  -v
V. v, = O , (1 . 2 )
V. H , = O , (1 .3 )
i ,  = (E , + y l A V ( a H 1) , (1.4)
4 tc1 , = V a H,  , ( l .S )
I ftI ,  = o  , (1 .6 )
In terms of the non-dimensionalized variables v , p , H and _E 
defined by
Y = - = f ;  f> = ^ V r  ; H = A ;  E = - 4 ^  ; 1  = _ 4 j\ /  ; P “  0 V \ /  ? i i  -  ~=ru ~T/  ; ----------------V  ? 'V  o p H .c rV
where V -  velocity  of cylinder; H e -  magnitude of applied magnetic fie ld ; 
(3 -  flu id  density ; p -  pressure ; V -  kinematic v iscosity ;
-  magnetic permeability ; v -  velocity ; G" -  e lectrical conductivity ; 
j -  current density ; H -  magnetic fie ld  strength E -  e lectric  fie ld  
strength.
Equations (1.1) and (1.5) give
-r  (v . V ) v = -V p  + /  V  l-A H +  / (1*7)
v *fxpvV  ^“ a — ^
and from equations (1. 4) and (1.6) ,
V (V H )  = V (v  H )  , (1.8)
\  A A A
Thus,taking
V = ( o , o ,  v j x ,  y ) )
and
H = ( i , 0 / H z ( x ,  y ))
gives
m !
5 x
o
where M = yu_M0 the Hartmann number, and R,
f
is the magnetic Reynolds number.
, (1.9) 
= x  V
Similarly from equation (1 .8 ) ,
V1" H' + R = O
Hence, defining new variables S and T by
s = V i  "* w '£ 1
T = V t  _ i 1 -  L,
gives
V ^S  + M
dx = O
and
V 1- T -  M ~  = O
with S = T = 1 on the cylinder 
and S, T —~> Q as r —$> «=*»
Thus
V*“ R -  s2- R = O
}
where s = |M  ; ■ R = R, , R t  [ R ^ e ^ S ;  R1.=  e ' i x T
, (1 . 10)
, (1 . 11)
, (1. 12)
, (1.13)  
, (1.14)
, (1-15)
We now demonstrate the basic ideas of the 'sound pulses' 
analogy, as given by Waechter (1). The essence of the sound problem 
is that the cylinder is acoustically soft, the boundary condition 
expressing the vanishing of the total velocity potential, (f) , on the 
cylinder.
The non-dimensionalized equations of sound are:
9where K -  acoustic impedance, ( 3  density X sound velocity) 
p -  excess pressure
q -  source term, specifying the incident pulse.
The velocity potential ^  is defined by:
P = * 4  \ = K v  =ciZ crx V
Hence
r -  = q,
o f
w ith Cp = O on the cylinder.
Consider the incident plane pulse 
= S (x  + t ) ,  
then taking ^
— oagives
ix= eV-wC-S.T v.
The pulse solution of the wave equation is a weak solution, but the 
transformed equation has a solution in the ordinary sense.
The equivalence relation
^  p . $  ?  scattered; j ^
gives the solution to the magnetohydrodynamic problem*
I The transform variab le , s , is f  x (Hartmann number) in the 
problem. J  For the M H  b problem we are concerned w ith the 
case when s is large, hence in the pulse problem we are concerned 
with small tu^e./ i»e * the shape of the pulse near the pulse front.
In e llip tic  coordinates ) defined by
x = h cosh‘s cosfj 
and y = h sinh"^ s in ^  ,
10
equation (1.15) is
rvZTa. + — — -  s l h L (coshx7 -  cosx fl ) R = O , (1.16)
S {
Consider now the function G ^ ) satisfying the Helmholtz 
wave equation:
(1) +  ~ ^ ^  Or -
and the conditions
(ii) G (^ „  r , O) = O
(lit) r'^  f  ^  s) ^  O e_s C -r=? °o
i .  e.
r ^ ■* <=> 6 :^ —^  C  6^ s 'C —^  00
j j r x = x x + y 2- = h 1" (cosh * ^ cosx <| + sinh2- ^  sin*-<| )1j
(iv) c>Gr ^ O r
^  2 - ^ c  ^  r - r -
jrms of the acoustic proble
-
In ter lem, G corresponds to a line  
source at (h c o s h y ^ /O ) .
For the time being, the analysis w ill be presented d irectly  in 
terms of this acoustic analogy.
■: I ,
Letting G ( * ^ ,y ^ , r |  ) = u ( <|) v ( I p  gives
u " ~  N 1-(bv -  cos2-^ ) u = O , (1 .17)
and
v '1 + N** (bx -  coshx^ ) v = O , (1.18)
where N = s (\ and b is an arbitrary separation constant.
Levy, (3), has defined solutions c ( r^ ,  b , N ) and s ( f ^ # b , N )
of the Mathieu equation:
u M + N x (b x -  cos *■ ) u = 0  , (1.19)
w ith  the properties that they are even and odd functions of 
respectively , 2 k -  periodic in for a discrete set of values of 
b (given by b = a A respect ively,  say) no even and odd 
periodic solutions coexist for the same value of b ,
i . e .
a^ b j  for any i ,  j , (1 . 20)
and
■ C (0) = l  , s ( 0 )  = 0  <(1>21)
c ‘ (o) = O , s ’(O )  = 1
^jwhere c ( 0 ) E c ( O , (o , N ) ,  etc. , and the dashes denote
differentiation w ith respect to J  ,
Levy has "also defined the funtions v w ( ^ , b , N ) and 
v < M ^  , b , N ) which are, respectively, outgoing and incoming 
solutions of the modified Mathieu equation
' V* ' -  N x ( cosh*^ ) v = O , (1.22)
Hence the solutions to equations (1.17) and (1.18) may be expressed
in terms of the functions c( , b , iN ) ,  s ( ,  b , i N ) ,  v , b , i N )
and v ^ (^ , b , iN ) .
The solution to equation (i) must be 2r: -  periodic in 0 and
i A
symmetric about = 0 ,  thus it is assumed that G may be defined by
, (1 .2 3 )
o
where ^  is a constant, g (^  , ^ , ^ Oto^, iN) is a solution of 
equation (1.18),  and <K^  is a value of b making c(v^ , b , iN)
2 a -  periodic. ^ N o te  that
From M eixner and Schafke, (2), the Mathieu equation
y " + ( A -  2q cos 2<|) y = O , (1.24)
has 2k -  periodic solutions ( ^ , q ) and , q ) ,  even and
odd, respectively , in f| .
12
However, the substitutions
N 2- = 4q and N4- bx = A + 2q , (1.25)
reduce equation (1.24) to equation (1 .19).  Therefore c(( |  , N) 
must be a constant multiple of fj , q ) ,  and s( N) must
be a constant multiple of Se^( , q ).
Further, from the orthogonality conditions
-  K<S-r,s , ( 1 . 2 6 )
and
'  (1* 27)
it follows that
-Tk c.^(S[)
^ ^ > 0 = -T— ------------— -  . ( 1 . 2 8 )
and
" <(‘ w  V 1* ' d -2 9 )
jjwhere Cvv( ( | ) h  c ( ( | A ,  N) and s ^  ( I j )  = s ( ( | , b tv, N ) J .
Sim ilarly,
' ~K
-------------   —  (1.30)
C fAX<  ^  I ■) h. , v[]0 1
and
'Tk s ( ^ ,  &A, u4)
S e ^ , n ) ,    , (1 . 3 i )i J .
Leppington has obtained an asymptotic (for large ) solution for
the function v GM ^  / b , N) ^  related to M ^ ( ^ ,  q ) in terms of
Meixner and Schafke’s, (2), notation^ , but the asymptotic forms of
v c*  (^  , b , N) £  related to M ^  ^ , q )] and v (^  , b , N)
j^= \  v ln (^  , b , N) + \  v w ( ^  , b , N)^ w ill also be required in the
present work. However, the extension of Leppington1 s work £  based 
on Sharpies', (7) method, who in turn adapted Olver's (8) ,  (9), (10),
13
(11) work J  presents no d ifficu lty .
Consider now the function g defined by 
g( ^  ,/~  / ^  ^  , iN)
and , (1.32
(^  / I • ^N) 9 ( /  IN ) , ^/y.
therefore,
<5c\
V r °
_  k: , (1-33)
where
w ( ^ /0<A/ iN) = V®' ( ^ > * * , 1^
— u i V —s k^ c vy  v^1' ( jla, c\^r ^ -*A  if'O
= constant
w K , say, (1.34)
Therefore, using this definition of g in the series representation  
(1.23) of G ( “^  , *| ) ,  it is clear that conditions (ii) and ( i i i ) ,
(stated earlie r), on G are satisfied. £. Use has also been made 
of v (0 (^  , b , iN) ^  H ^° ^ (iN cosh‘s ) as N cosh‘s -f» ,
(Leppington, (5)).^J
Also, requirement (iv ), with equations (1.23) and (1 .33) ,  now becomes
-  I W .„ 1 K c ( < \ , . x ^  Iti) *  S ( 'l ')  - (1-35)
Now, from Meixner and Schafke, (2), p. 189,
-  t ' V  'cx.K  ( 5 _ ^  ^  , (1.36)
14
and
(<) , " l )  -  C- <"is Selsti ( |  ^  , (1.37)
Therefore/ equations (1 .-26), (1. 27) and
<us
c
give
>K
J
u
5>es ( ^ ^ )  ^  -  o  ■ d - 38*
T.s
But, from equations (1.30) and (1 .31),
c ( t | , < * f , iN) c ( ^  , et5, iN) = (constant) , - q ) c e s (<| , - q )
therefore,
fix:
J ^  ^  =- O ) f  -=£ % , (1.39)
Hence, from equation (1 .35) ,
-  K  
77
f' -LA
T -  \ A.fj = e ( 0  ' d - 40)
Thus, from equations (1. 23), (1.32) and (1 .40) ,
X ( v 10^ ,  IN) -  - f f - I 1 V . x . , ; A t ,*■>,i 1^  . ? * W * (1,41)
V V )•■%>. j V.N) )
and G ( " ^ , ^ , N )  = G { ^ , j  , ^ )  , ^  . J
J. o
I I .  Integral representation
From equation (1. 30),
, i - r  ( i - i , - )
f ' xfn -hi\ kbl'1'- C e iK+i V
I J . C  V]
=  e f f
= h T f *  ^ , ( . v < Q
i r c - w M rTherefore
g( ? v  •  * .  L  ^  £ ^ * 1  s e w . / * - . * }
-  id  V ,s»~.(^ > •*«**, (5.-0 /■, : . n ,  >(2.1)
7T Z  f «r ■
\  ^ C ^ U * }  '
and G( '^ ' / ^ , v j  ) = G (^ v , ’^ ■./ f| ) ,
We now establish a relationship between the three values of b :-
a »\' • ^"X •
c ( f j  / a K/ N) and CC^( ^ / 3 ) are 2**: -  periodic solutions of the two 
equivalent d ifferentia l equations
u " + (bv -  cos^fj ) u = O
u 1' + ( X — 2q cos 2(|) u = O
0 ) u =  1
1 >  , (2 .2 )
! j =  >
with N*-= 4q , and A = N l  (br -  | - )
For the even 2 k -  periodic solutions,
b = a^ and K  = , say
therefore
\ t (n) = N 1- (a ^ -  | )  , (2.3)
Similarly s(t^,V>v N) and Sevv( ^ , q )  are odd 2 * : -  periodic
solutions of (2 . 2) with \ =  Xs( v\), say)
hence
ASW  = N M b ^  -  i )  ' , (2.4)
Also, 0 ( ^ , 0^ ,  iN) and c c ^ f ^ - q )  are 2 k -  periodic solutions of 
the identical equations
u ,( -  N x (b*- -  c o s ^ ) u = O 
u “ + [\+ 2q cos 2*|) u = O
with '  N 2"'= 4q and A = N ( i  -  b2-)
However, for the 2 ^ -  periodic solutions obtained when b = ©c^ , let
X  = X *  M  , say
then
A *  (n) = N M i - O  , (2.5)
However, 
hence !
X j  2k ) = \ c*  ( 2a )
therefore, from equations (2.3) and (2.5)
N " ( a ^  -  | )  .= N " ( i - O
i . e .
thus
= i  -
= h ( a ^ )  , say , ( 2 . 6)
S im ilarly,
V q )  = H r  ( \ "  1 - q }
thus
X t ( 2 r \  +  1 ) =  k *  ( 2 a +  1 )
Hence from equations (2.4) and (2 .5 ) ,
17
i .  e.
thus
ex' x = i  -  b^
£< d - b ^ J
Vi
= h ( b 3u , (2.7)
Therefore,
) =
t :
and
i  V  SW (  ^  ( ^  ^  ^  , I a)  ^  ^  ^
^  7>jc v ,x ) \  ' /  T '
^° \ o s£v+, (<^<M| )X^ /
8)
G (^  ,r  ^  ) = G ( ^  ,Cj ) , ^
Now from Leppington, (6) ,  we see that the zeros of c 1 (x  , b , N) are 
at the points b = a ^ , whereas from Meixner and Schafke, (2), p. 116,  
the zeros of the related function c e^  ( k , q ) are at the points V = K .  
Also, from Meixner and Schafke, (2), p. 116, the zeros of (X y  ( £  , q ) 
are at the ppints V = 2 n , and hence the zeros o f c* ( S , b- , N) are at 
b = a ^  . \
i .  e.
C L ^ )  = O , (2.9)
i
Sim ilarly, from Leppington, (6) ,  the zeros of s ( tc ,  b , N) lie  at the 
points b = b n whereas from M eixner and Schafke, (2), the zeros of 
the related function S£v ( K,  q) lie  at the points V = h . Hence as 
the zeros of ScJ( ^  / q ) lie  at the points V = 2 r + 1 , the zeros of 
s 1 ( ^ ,  b , N) must lie  at the points b = b. 
i . e .
a^*v+r 2.
Furthermore, (Leppington, (6) ) ,  the zeros of c ( k ,  b , N) and 
s(tc , b , N) are a ll rea l, 
i .  e.
a ^ , b  ^ are rea l.
/ (2 .10)
But, from Leppington, (6) ,  p. 53,
c( , b , N) = c( , -  b , N)
and V. , (2 . 11)
s( , b , N) = s(C| , -  b , N)
hence it may be assumed without loss of generality that O
and ^  O
Also, since N and f| are both re a l, we have 0^  O 
and b O since this would lead to the equation
u " -  N 1 cos2- = O 
having a 2k -  periodic solution.
Thus we may take the a^' s  and bn 's to lie  on the positive  
real b -  ax is . In fact, it is not d ifficu lt to see that for a 2 k  -  periodic
solution of equation (2 . 2) for a ll tj , we must have b x 1 „
Hence we may take a K y  1 and b K >  1.
Now c( n|, b , N) J^= c(r^) say^J , is a solution of 
the equatibn
c"(< | )  + N ^ b ^  -  cos1^ )  c ( ^ )  = O , (2 . 12)
also,
c ^ ( f | )  + N 1" (a ^  -  cos1-^  ) c 1A( <| ) = O , (2.13)
H ence,
. c :Uy(f ) ) c"( <|) -  c (^ ) c ^  ( <|) + (bv -  a ^  ) c(<|) c ^ ( f } ) = O
Thus integrating with respect to between O and ~  gives
V  c “ c ^ f|  ^ + N2'(b t“ ais) )d(] '= °
hence from equations (1.21) and (2.9) it  follows that
c ^ ( ? ) c ' ( 2 ) + N ^ - a ^  ) r  c ( f | ) c ^ ( < | ) d C | =  O
°
Therefore, differentiating with respect to b and then letting k —
19
Now
c 3-n
and hence
But from M eixner and Schafke (2), p. 189
T~
x
thus
-  tsr^ wAi
hence from equation (2.14)
Therefore, using the Watson transformation,
^  Q y /^ v^ o , ^ ; L^
k"°
= -i f r-
I  c ( ^ >  ^ « V ,  kt<*>,ibO
I 1
-  f i ^
H^X J  Uj ^  c
where P  . is a conlour enclosing the positive real b -  ax is ,  and 
not including any singularities of — J £ * * ^ 5 ^  ^   ^ . This
w(^,WLV>VN)
is possible, since, as shown la ter, these singularities do not have
real values of b. 
Sim ilarly ,
s
and
M (<| ) + N 1* (b*" -  c o s ^ ) s(f|)  = O
s ' L „  < v  + N ‘ (b^ > "  cos"<i ) s ^ «  ( V  = °
therefore
S^ , < V  s"(<V -  s (^ )  + N M b L - b ^ )  s(f)) s ^ ((<0- O
(2.15)
, (2 .1 6 )

21
thus integrating with respect to H between O and ~  gives
5. f t
t s ' f t )  W . 0 0 - & O O  s O O ^ M ^  =  °
But, from equations (1.21) and (2.10) 
s(o) = o = s ^ , ( ! )
hence
s ' < i )  + N l"<b l -  b ^ -., ) s a * * , < V  d<l = o
Therefore differentiating w ith respect to b and letting b —=> b ^ ^ ,  
gives
l .  e.
i b 5 U )
Thus, on once again using the Watson transformation, 
J  ( x )  ( | - l )
1  ^ $o*.+ i (<p Afj ^   ^^  jk=o
i  f  i f i d !  A
^  J r  & '(£) ^ « ( / - ,
‘m l  s ' (s )T — (/*:
Hence from equations (2 .8 ) ,  (2.16) and (2 .17) ,
G ( 7 , ^ ,  0 =  j £
, (
2 12 1  + 2 2 1 1
.
and G ( *  ^, ^ , f| ) -  G ( ^ , *  ^ , <| ) , ^  ^
Now
A = A (») = NL(bx -1 )
where v is the characteristic exponent used by Meixner and 
Schafke (2). e .g .  <XV ( f| , q ) is the general even solution  
of the M athieu equation, V = v\ ( Y\ = 0 , 1 ,  2 , ^ ^ , . . . )  g ive  
the 2 k  -  periodic solutions.^]
.17)
(2.18)
(ft
i \j u w , a o  o i a i . c u  p i c v i u u a i y  , v
q ) both represent outgoing solutions of the same 
differentia l equation.
No , s st ted re io sly  w ( 7  , b , N) and
Hence, we may take
v w (7  , b , N) = A , (b) ( 7  , q ) ,
sim ilarly '
«  b , N) = A t (b) M  ( 7 ,  q )
v f^t ( -*r V. /U \  — A *  t u \  AA h i
and
to
v
, (2.19)
v ( 7 ,  h(b) , IN) = A *  (b)
v «  ( 7  , h(b), iN) = A *  (b) ' , M “  (^ ,-  q )
But ,((2), p. 170),for V . i . e .  ^  ck^
M “  ( ^ , - q )  = q + i ^ ,  q )
I . e .  v u' ( ^ ,  h(b), iN) = v w ( ^ + ( | , b , N )
Sim ilarly,
M  ^  q ) = M f  (^ + l |  , q ) , V q tn  ■
thus
v “ ' ( ^  , h(b), iN) = Vw ( ^ + i | ,  b , N) ,
But b ^  aA , b^ on P , thus from equations (1.32) and (1 .34) ,
g ( ?  / ?Q/ b(b), iN) = g(J + t~ , / ^ + i f  / , b , N) n
w ( ^ ,  h(b), iN) w ( ^ + i §  , b , N)
H ence,
. M  > - £  *
JI (b) db , say , (2.20)
V
Now, from Leppington ((6) ,  p. 54)
v (0( ^ - b , N )  = V f t
and .
v w (^ , -  b , N) = e * ,'1ctUb' t>
Thus, from equation (1.32) ,
+ + * X ° + v?  f -  b , N) = gCf+^5. 'T 0+l“L # b , N)
and from equation (1.34),
w ( ^ ^ ( - b , N )  = w ( ^ + ( f , b ( N)
Hence, using equations (2.11) ,
I (-b) = -  I (b) , (2.21)
We now consider the contour V as two separate curves ["[ and 
f \  , where f"J lies in the upper half-p lane and Fx lies  in the 
lower ha lf-p lane . Thus replacing b by -b  on , and using
equation (2 . 21) gives
I (b) db = I (b) db ,
d c,
where C, is shown in Fig ( iii) .
Thus,
G( ^ ,f j ) = I (b) db + I (b) db
C,
I (b) db , say , (2 . 22)
where C  is a contour lying above the real a x is , but passing below  
the first singularity (in the upper half-p lane) of I  (b) .
24
£
y S,
x j 
X ‘ 
x
^C,
T^V>
C'
C
x
X  6
V *
c
K b
Fig. (ill)
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I I I .  Residue series representation.
We now deform the contour C Into two arcs, B { and B i#  
at in fin ity  in the upper ha lf-p lan e , and a contour C 1 enclosing the 
zeros of v c0( "^o + t ~ )  (see Fig. ( iii)) .
Consider first the positions of the zeros, x n , of
v (7 .+ C 5 )
It  w ill be shown later that the first few zeros of v 0** (^ « + ^  ) 
in the upper half-p lane lie  on the imaginary ax is ,  and hence we need 
consider only the positions of the large values of x n .
From Leppington, (6) ,  p. 53, for large N cosh‘s , 
v “' ( ^ b , N ) ~  
whereas, from Meixner and Schafke, (2), p. 170,
~  H v  W  cosU.'^') 
and hence, from equation (2 .19) ,
cos l^ -) ~  . (3.1)
However, for large N |b( ,
N l (b* -  i ) = X (v) ~
i . e .
V ~  N (bx -  i )
and so, for large N |b | ,
(N cosh^)
i . e .
A ( (b) rJ 1
thus, for large N | b |  ,
v w ( ^ ,  b , N) ^  M 1*  ( ^ ,  q ) 
Sim ilarly, for large N ( b | ,
hr}
v w ( ^ , b , N) /vi M v ( ^ , q )
and
26
in= M  V , q )
Therefore, using the expansions given by Sharpies, (7), p. 378, we 
get for large N (b( ,
v w , b , N) ~
v w ( ^ , b , n) a4/v ’7l N 'H Vt
and
V ( ^  , b  , N ) ^  ^ h fV%^k (f:\lA- 
where M
and
Vi lx= e
cosh“' b
(_bv-  c ^ s l^ x ^ c b c
In what fo llo w s, the notation
- T  ^ £-sirs:.-;
■V \
- -*v ^
- •
l ‘ r * ' V ' t  - I .T - V * *
>vL =C -TJ -\rb- K*  b-x*  ’b ->U  
is adopted.
, (3 .2 )
(3.3)
, (3 .4 )
v?
From the identity (Leppington, (5), p. 396) 
■ *  -S
( b 1 -  cosh*-x)^dx = e 'v -t-eT^i
r t* c o
*o
where
cos .1 * ^ )]  = cos
( X  positive when? b is real and less than cosh*^^J •
thus
y ( ?
' :S  
) = ;e -V
CoS' Vcx?S^
, (3.5)
v -,-v; •- * U'.:r\ *
Z 7
and
we get
sin -  + ( 1 -  •cosh3 , (3 .6)
(b
'CO
-s  /YCO
= e; 5 w , | K ^ - f t Y e ' l l j
Therefore,
■■ . K
\ (b x -  coslF~x y^dx = e 1^ 0 °"’" ' At
2c
and
,(3 .7 )
f  bT* -T%. = ^  \ ( V - c o s t x ^ e U  
J Z,
* +;i
m + > i)
= ^  ( ^ L ^ +  f t  + e ; -J
Hence, for large |b| ,
arg ( | -b  ^ Vv ) «  arg ( e 1^  b t|* (^ + C S  ))
,(3 .8 )
oc arg [ b log( f ^ ) ]
and so
arg < ^ ) arg
arg
log
log
2b
is inh^,
2b
i sinh?
=  O
Thus, for large |b | ,
arg to O 
From equations (3.2) and (3 .4 ),
v » . ( ^ + i | )  t f *  Y '+ a l ( W ^ c^ )
and hence the large zeros b = x ^ of v w (T„+ ' f  ) ,  are given by
, (3 .9 )
Z8
Ai e ) = O , (3.10)
However, the zeros, c ^ , of A i (y) are given by
Y = c n = -  |c „ | , (3.11)
and so
NvV ^ r ' e ^  - - e C" l c . |
therefore
arg £ *»  ) = *
and since from equation (3 .9 ), arg ( ^  O for large x ^ ,
v>dry \x
i .  e.
a g ( ^ )  «  ^
arg x^  ~  \  , (3 . 12)
i . e .  the locus of the zeros becomes parallel to the imaginary axis  
at in fin ity .
From equation (2 .2 2 ),
G (^  , r  .<] ) = j l ( t ) ^  + jx o > U >  + ( I ^ A t '
c ' 6> 61.
It  w ill  now be shown tha t, on B, and B  ^ , 1(b) is exponentially  
sm all, and Aence that the contributions to ) from the
second and third integrals in equation (3.13) may be neglected.
Consider I (b) on the sem icircle, B , at in fin ity  in the 
upper ha lf-p lane . Using the same method as before ( i .e .  by replacing  
b by -b  on that part of B lying in the le ft half-plane) we find that 
it is possible to consider, instead, I (b) on the sem icircle, B1, at 
in fin ity  in the right ha lf-p lane .
i . e .  we wish to examine the behaviour of I (b) as | b| —>«*> ,
-  \  4  o^cc^ \> •
g (^  b , n) = v « o o  \
and
g ( > ,  b , N) = g ( ^ ,  b , N) ,
.(3 .1 3 )
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therefore,
v ( j )  = 5 r v " '(^ >  + v ^ c ^ )
gives
g(7. , b ., N) =
£ r w '  ^
and ,(3 .1 4 )
g ( J  . / b , N ) = g ( ^ ,  ^  , b , N ) , y ^ ^
Hence, from equations (3.2) and (3 .4 ), for
g (^ + ^ |  //^ + t |  / ^o + / b , N)
/v/ 2 7C e
r
*  m' *  [ fcl -  5 ) f f  u V
On B ,
-  £. < arg b < ZS1. N -  ' X.
and so it follows from equation (3.9) that,
and hence
A K N ^ b **^  ) ^
Sim ilarly,
I*
thus
Ai (N b e ^ ! )
Therefore, for
arg (N ^ b 3^ ^  e* ^1) <  7^
rJVb bVfc Y ^  e ‘ ^
a x * *  ki’H 14 ^
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g C ^ + if  ,-^ , + is  , b , N) ^  W (^ , f~)  e x p [ i ^ ( ^ %- y ^ ) 1
+ wC* , ^ , J a ) exp ^M b ^+y^--^ )]
where symbols of the form w ( x ,, x^, X^y.  • .  / denote any 
algebraic function. In general, sim ilar symbols do not represent 
the same functions.
From equation (3 .8 ), we have for large b ,
~ b  ^ 5/x ^  b coth^ + b e ^
~  bcoth-^ + b lo g  (
and hence, from equation (3 .1 5 ),
, ^ o ^ | /  b , N)
/v/ w ( ^  , ^ )  exp |  Nb £  coth^ -  coth/^ + lo g^ ^ — ^ y j
+ w (T  ) exp {  Nb [  coth^ + coth/~ -  2 coth^, + io g ( sta^ ^ j
/v w( 7 , —) exp j(ReNb) J^coth ^  -  cotly~ + l ° g (lj[^j|C~) |
+ w (^  , h , exp j(R eN b ) jc o th ^  + c o th ^ -  2coth^,+  log ( s m h ^ ^ n h
Vi.  16)
H o w e v e r ,
> >
the re fo re
co th  "^0 ^  c a 4 C -^  c o “K~I^
and
sinh^ ^  CLCw.^ >  
th e■; ,*^ + {2. f ~>0 + , b , N) is exponentially small unless
~ ,u or Re (Nb) = O.
i’rom equation  (3 .2 ) ,
and hence
r COv -  (/k + i f ) ^  i V 1 n H 574^  [W c o v C O  A(' (/4V l ^  (  ^ ,1 )
= -  £V ^. M "5 I'"4 (/*+£ 1)]"" Ai!
Also,
v w
thus
v«‘ ( ^ + , 5 ) r v ^  ri'u-Ar b ^
,  w 1'  *-> tj * e  1 ^(^T  d (J'S'V**')
Therefore
w (f+ i'|, b , N) = v"V+H) v»‘^+rs) - v“(^+;| ) v“»V +‘l ) :.
V 2a e iS<^  fe' Ai
, (3 .17)-41
7v
Note that this is the value expected, as, for large N jb | ,  
v^fyk+C^) ^  M .^  (^ + c ~ )
and
> ( ^ + i ? )  -  M  * * ( / * + i | )
and hence
w ^  + i.s , b , N) M ® ( ^ + l l )  M ^ V + ^ >  -  M “ ' ( ^ + c f  )
= "il7C
(Meixner and Schafke, (2), p. 171)
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Also, for large N |b | ,  (Leppington, (5), p. 402), 
c(<| , b , N)
and
s(<| , b , N )~  N - * ( b " - c ^ f ' *  y -^ r f fU (C -c c s 'tY ^ j
Therefore ,(3 .1 8 )
c 1 ( f | )  / \ s  —  j s !  ( l o C  k 1" c o . % v Y ) ,< f  ^  h f p  ( ^ - x x v a H r V ^ i f c ' l
and
s ’ ( < ] ) ~
Although is in the range , the physical problem is
symmetrical about <| = O , and hence it is only necessary to  
consider ^  = l^ l ' ^
From equations (3.18)
s(?- HI ) . 0(1 - Ml )
s < i) C ' ( i ) tffev
r
r*'
= w
_ c v i(K ^ (e -c c s M 3 V t:l .
|sj ^
(ij)  exp  ^ (Xw^fsr^| C7C_' l <\l>) k |
(^ ) exp  ^-  i—
(3.19)
(3 .20)
However, 
I Cb) = b
s (£ ^ lO  ^ 1 ^ 0 1
_ ■ * '( #  c
and hence, from equations (3 .1 6 ), (3 .1 7 ), (3 .20) and (3.21) 
for ^  ^  ^  ,
, (3 .2
33
n
I (b) db = O
unless and :
expected, as ^ ^
line source.^-
)
0 .  Note that this is what was 
O corresponds to the position of the
Obviously, for the case ^  ^  ^  , the analysis is tr iv ia lly  id en tica l, 
since under these circumstances,
g(^+v% ' b ' N ) = * b ' N) '
and hence we may deform the contour C into the contour C 1 enclosing 
the zeros, , of v (r,( "^ 0 ).
Therefore,
G ( ^ , ^ \ , f | )  = G ( | | )
Ni2 f  ^ r  + $ ( v t M ) i  a (i
^ 1 , 1- c ' ( l )  J
= -2rci residues at zeros of v tr>C^ 0+ t ^ )
L C*sV&  S w ( l )
v ^ - W j
r^ C5'l J
- 1 2 * .k'l
vw ts* ^  v ta
V-x„ (3.22)
IV . Asymptotic expansion of series solution
From equation (3 .2 ),
- (4 a
The zeros of Ai(y) are given by
y = c n = -  | c^l , (4 .2)
and hence the zeros, x of v 0)( ^ o + ^ )  are given by
NV’ = V "  | c. |
i . e .
Now
Vi Vi
N K ^  M  , (4 .3 )
■3 b “ g'‘K J ' c c ^ ,sC^ ,>c)>'ct.x , (4 .4)
ccbCb
therefore, making the substitution 
z = ■ b.*' + e . cosh1- x 
equation (4.4) becomes
*3  ^ / (4 .5)
and hence, assuming b to be near cosh
| b C  «  i * r c M  1 ^o
= - | b - ’ (b1 -  i f * "  + e tx  c o s h ^ f ^ + t l ) ] 4
[b 1, + e*’ccosha' ( ^ ,+  ( ^ ) ] i/‘~
3 cosh ( ^ 0+ ( ~ ) s in h (^ o+CS)
Thus, for x n near cosh(^0 + v ~ ) ,
( s ^ L [ a C ^ C f ) ] ) ' ^  ,(4 .6 )
Therefore, substituting equation (4. 6) into equation (4 .3 ), it  follows  
that the first few poles, x n , are given by
OJ
N Vl [ <  + e ^  <u > vC C V ^)]
cs.
^  e  3 | c j
and hence
x t  «  e c* C d ^  +  elV M'Vj( c . \ ( C = l .a ^ T ’
1. e.
Now
thus
(4.7)
(4.8)
•V^
2 l-'rV l “ ^  \  ( la - C o - j S ^ A *b\ ~ C
Jc a f l .
•V '^ -
h\  -  ( | ? e ; 2 % [  {  '  C ^ U ^ x
and so
C-c.ilC b
and hence
g W  - i n v P W ^ s u
I 0 % ) = e ~ < T ^
b  — «J r —' ^
Therefore, using the substitution
( x . i - c ^ ^ a 5 v ^
y = x ^ + e tKcoshJ' x ,
we get
'0-3 lx \ —if-
A-^-*Vv -Ca&IjfZV) ■ ' 
and thus, using equation (4 .6 ),
[ ^ '• 'X . ' jJ  *
b—X*^
^  2 ,,5e ' l?1* ( s in h ^ j ''5 ( c o s h e r * (4 .9 )
sJb
D ifferentiating equation (4 .1) gives
Also, from equation (3.2)
fcj. + e -  s in h ^ f " *  Ad ( O O p Y " * ’)
Jb-
and hence
v * f C V ^
,(4 .1 0
-* Vs—X*,
and therefore it follows from equations (4.3) and (4.9) that
, Ov)
t a  ( c ^ C p *  Ad(g- I Q )  
a> O  ( . t  Ad' ( O M )
,(4 .1 1
However,
r9x
W  ^  A i ( x e ^ )  f Ai(xe-1*^)^ =
I ' *? i i v l
and so, taking x = e L 1 \ c^.\ and recalling that Ai(e ^  ) -  O
(4.12)
we get
IL*:
and so, substituting into equation (4.11) yields
\V,
a j
-  (c o -s X d p !
and hence
v 0)V ' ! ) ~ K ‘
Sim ilarly,
V(V + ; ? )  „  ^  
and
v« ' it + c \ ) v  2% lVSs ^  « . ^ ( r ^ r  ^
Thus
w (^ + i?  , x ^ ,  N) -  v ^ ( ^ + i 5  ) v ^ C /M -f^ )  -  v ^ ( ^ + i *  ) v ^ ' ^  + i f ) 
~  2 3 e ‘**A i (Mv ,O p  Y )  Ad' p  < Y ' )
- 21 e ' ” 4  f c 1 ( t ^ )  ( ^  V s ^  t p
= 2l  e lK W   ^Ad ( Y  O  p  Y 5) , Ad ( O  O p e' ip j .
" l i
K
Now _
r^+ >2 ix / . t V1
3 x ^ r w l  ^ c l*  \ t * i - c o » t t * y < u
C<^CV_
/ < + t & coSUl ( , Y J
i_ 7  I p C ^ d - ' p O x - i - ' - ^ Y Y
O
and hence, if  it is assumed that ^  +v.^| is near coshH x 
x ^  + e c*  coshI' ( '^ + ^ )  is sm all, and
^  ; ' ■ ' / • 4  e** C^ -v C?*)
*3X r 3 ^  »  O C " ^  M
= | x  -• ( x i  ^  L  x i  -V *>v  c~ + U  c ^ ]
T.x a + e tKcoshv (^ + ^ g ) j  
3cosh(^.+  t ^ )  sinh(*^0+ l * )
e. X C O  + e 'x
co^C^o
Therefore
Yu
X K
(4.14)
, (4 .15)
■ M . 16)
JO
It  has been assumed that ^   ^^  is. near cosh*'’ x ^
i .e .
and hence, from equation (4 .8 ),
sinh'^ ^  -v \c—\ N
and so Y  ,(4 .1 7 )
^  » ^ 0 +  |c ^ l K p * C
j^Note that since N= s h , where s = “-X Hartmann number, the 
above analysis is valid  in a boundary layer 0 (s~v*) around the cylinder .J
Assume now that
^  + R s 'Vj , (4 .18)
where R = 0(1) 
then
sinh^ sinh^Q + R s*^  cosh*^ 0
and
s in h ^  ^  sinh^^0 + R s 'Vi sinh2.^0 
it then follows from equation (4.7) that ;V
x ' + e 1*  s in h ^  e ^  , ( 4 .1
However, from equation (4 .1 5 ),
• ^ r  , W
x ? t <* *
and so, using equation (4 .1 9 ),
C^ 1 ** «-( ,r ( C4  +  ^  C , (4 .20) 
Therefore substituting equations (4.16) and (4.20) into equation (3 .2)
yields  
(0C V ^  C ^ ^ o ) ' 1- ! c j ]  , (4 .
However, outside this boundary layer,
.T+zh
-  -- e lV ( C x i--  < U
-4
thus, using equation (3 .7 ), we get
2 r H Vl ^  (, - r  /  ^  , ^ 1/3 X *\^  ~ C © 4<^ ^ 4 x O  £, I — C o ^
J o
and therefore it follows from equation (4 . 7) that
: x ( ^  »  <^ .+q3 X“ e
,(4 .2 2
Also,
= c o s - ' [  t ^ - - - f y )
C?a)Vj
=  C O S  ----------------
but
= cos" ^   '" - -------- 1—  \  ,(4 .2 3 )
T  >  "^o + O (s ^ )
and hence
O <
Therefore,, since
. ( A . T . ’ * ) .
I x 1^  h % %!!t \ L'<'"'>
e '^  [ 1
2 .x"1 1^ m '/‘*
we have from equations (3 .2 ), (4 .7 ), (4. 22), (4. 23) and (4 .2 4 ),
cx+ I ■\ )  ~  a 1 N ' 1'1 ( v C ^  -
, (4.24)
exp - r -1
+ C iX = ^ „  + o i t ' T U t  J
40
, (4.25)
From equations (3 .1 8 ),
s ( f  - i n i ) , c( I  -  h \  )
s ' ( * )  c ' ( f )
(b7- -  sinx<] f <Af 
N b A
and hence
 ^ cw (|-t')0 ;-------  -r ------------;—
L e m
_  T
r-J
rsf
cos I  N [  i ! ' +  j~!‘rA<ll'l (x^ -  c o s ^ d t V  
sin {  2N ^  (x^ -  cosxt)Vtd t^
* A" [ ] oS  f 111] ( v C = ^ „  + c o r tla / 2 e
+
+ j(s in h  2 ^JVs h f ^ k - i  ( w £ - % +  c*s*t') ^ , (4 .26)
Consider now the four separate cases:
V
n/
m /
IV /
^ = f .  + 0 (s '* )  ; / .  = ■ £ +  0 (8 **)
^  = ? .+  0 (8'^ )  . ; ^  ? + 0 (s'"J)
^  ? T o + O f3'1'*) ; / -  = X- + ° < s'* ‘>
- ^ o + 0 (s ^ )  ; a > T „ + 0 (s ^ )
Suppose y  = ^„ + R (s~Vj , ^  + RlS'Vl
Then applying equations (4 .1 3 ), (4 .14 ), (4.21) and (4.26) to
equation (3 .22 ),
^ c o r t 'jS  iM N ' , '‘ (si U ; . t !( ^ + M ‘6 vJ  cUr|
(o -i J ^  + i coiHrY  ^At] ,(4.2
Case I I
Let ^ = T ° + Rs^  / >  To + 0 (s '^)
Therefore, using equations (4 .1 3 ), (4 .14 ), (4 .2 1 ), (4.25) and (4.26) 
we get from equation (3.22)
v  m  -  ( ( y  ( c ^ i c - .q x
^ ( ^ [ u  Y V *>  I c^l j
e x p [ -N ^ c o th /^ (sinh’^ -  sinh1^ )"1-  (s d = ^ %  +
0
+ |N *i |c4 ( U = i ^ <.'fJ [ c o ^ C t ^ ^ - v ^ ^ o f + J  ( s ^ t ^ .  +  ^ sM ry ’-A Y
6='
W .'^  ( iA  ^ [ ( ^ v  L ^ + c r tT '4] At] -(4.28)
Case I I I
Taking ^  ^  + R's ^  and ^  7  + Ofs”^ 1) ,  it follows from
equation (3.22) that the solution for ) is tr iv ia lly  sim ilar
to that for Case I I .
Case IV
Suppose ^  + Ofe"2* ) ,  + 0(s~**)
Then, applying equations (4 .1 3 ), (4 .1 4 ), (4.25) and (4.26) to 
equation (3.22) y ie ld s ,
exp J ' +  eos1^ 1^
o
+ oothyu(s*^Cl/ ~ - s ^ e ^ , V — + cc t'-tr^ A t J
+ | n !/3
r ~ 4
c*4C ^ +  ( (c J z C ^ 0 -v tosv(r) ‘■(At
°
, „ * . f  ! ^ £ [ i .  i -‘ ii’ , |14 (« - .q .r 'l- - i3 .) 'J }]}+ co th ^  f
<}
cosh^N +
s in h  i ^ M  + ^ y ^ d t } ' (4 ‘ 29)
Consider now the solution Gp for the plane wave incident from <| = O.
G, -  £ r .[ U H s i^ ] V ‘“ V ~ %  ]
where ^ is the distance of the observation point from (hcoshyu., O ).
However, for large sp ,
, j \ x  ^  iG & p -f- )
h  ( is p )  ^  — r— \ e. '
' Vk t S p I
and hence
g p ~  + X u ~  ' (4- 30)
Therefore, for 7  = ~^0 + Rs 2/1, the substitution of equation (4. 28) into 
equation (4.30) yields
^   ^ tfc~*u.-^co.s<) (c^ssU^o^ y  ' M l
-  ( w ^ . ;  t  ^ M r
exp [ n J  " (v frC iy  + c W -irfV t + -L n >! I e -l -k ^ s. ^ cU:|
cosh c o r t f - t  i  tf^|cw| CiWXtL^Tfe(^=c.^.+  
slnh|lN J4.qLx42-^, + -t ^ '(c G (s « U ~ 3^ .TJ(C ^ -^ „  + =-»slfcs)^'j d k j  '<4 ' 3
and for ^  y + 0(s~^3), it follows from equation (4.29) that 
equation (4. 30) becomes
4
G p-  e
COS<^  Go.*^  (saW ^0>) X<* d i p  CO^ t5 V^ t[ y   1_______
cosh{N  [ Jjf + £  Hnl] [ ( ^ V  + *  ^  (At]
s ln h |2N ^ [ ^ O ^ ^ c ^ y ' ^  ( i~ C a .^ y ‘ ( ^ C . ^ + (At5
o
+ i  n"MU COk -^.f* [co+C.^  C + j* (uuJ^0 + COS^ At
0 + ^
+ | (vJ=C^ 0 +  ^ M : y V t  J f  . ( 4 .3 2 )
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We now refer back to Fig. ( ii i) . Consider the integrand I  (b)
Jdefined by equation (2.20) ]  on B f and B  ^ . We note that 
the work carried out in Chapter I I I  to show that the contribution 
to G (^  , ^  ) from B , and B  ^ is zero, is no longer va lid  when
we are considering Gp (since ^  becomes in fin ite ly  la rge).
Nevertheless, using the same methods as used in Chapter I I I ,  it is 
a simple matter to show that the contribution is zero provided (<j|> ~  
i . e .  equations (4.31) and (4.32) are valid  for > S ,
However, the actual u tility  of a ll the solutions given in th is chapter, 
is restricted to the shadow region.
Now
x = h co sh ‘s cos<| ; y = h sinh*^ sin<| 
and as the e llip tic  cylinder becomes more circular in shape, h O 
and Q ^where ( r  , G ) are polar coordinatesj
such that in the lim iting case of the circular cylinder,
!
= r N* # (4 . 33)
and
(^kcost^) = XX*v = r s , say
Therefore, for,the lim iting case of the circular cylinder, w ith r = -l+  R s , 
and rs = 1 + Rr s'Vi , equation (4.27) reduces to
g *  ^  - n ' V ' 4 ?  ^
^  -  21,3s"*1 e^xp ( — k %) 5  / £ ( a > M c 4 )
'  [Ai.'(«-i r M FK. s-a
exp ( -  ZL /3 \<u^ \ -KS1*) + / (4. 34)
where
G * = , '  W  , (4 .35)
subject to the conditions of equations (4. 33).
Whereas for r = 1 + Rs^1-, r 5 > 1 + Ofs""*7* ) ,
(<■,'•-i Y''*'. .t^ s { V U ' * \ c ~ 0 ]
+ s co s - [  ' *  g V ^ M ] )  -t- 2 V W  j k C - Y V  [» + I ' V 1'4) cj(
cosh [ (^-(sQ Cs* 3- Mc" l* '3) j
sinh^ ($ 4 .r,/jM  s"*)]
However,
c o s 'Y  i  f u  - ^ s '*  ( -  - - - Z  +  OCs'1’ 1) ,(4 .3 6 )
V t  ■■' S (v j -  iV1
and hence
G * ^  y  f - s K - ' t  + ^  ( t . )
}
I ’. .  p u+  2 S
/ U f a Z M c - J ]
- z  5 X  ; - « > « ■  1 / c “ * '  - L * ' 12- ~  "  7 . . V  ..  A —;--- :--- -rr \ S \ CcS f S - V 1'* ,  _  r s r  - ( ± \ _  f p 7  ■  ■ -(r‘  -  d ’* * I .  u s) c s . i $ z
exp - 7;_ |c o '> k ^ k - |e lX !-+:i'J,,s',1l c-D ] , (4.37)
Obviously when r > 1 + 0(s~^) and rs = 1 + R1 s'**, the solution 
G * is readily deducible from equation (4. 37), and when r 7- 1 + Ofe"*5) /
and r s >  1 + G(s */3) ,  it follows from equations (4.29) and (4 .35) .
that . .. v- : ’
g *  ^  - 1 ./i s~Vt — L— -  ( -  ■+
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v jY4*.-  s ( lY" -  1 )'  ^ + s cosH ^ ■J: ( ' + 2- 1 ^  \cJ)J + i s ,/j (c |^ ( r *--0*
+  2 4 I c ^ ( c o  s'1 [ ^  (  U  OTv* 3 'Vi ( c n( ) |  4  1 “ s,/j I Ck| (  f  * - i f ' 1
, 2- s - u . i  ^ > [ i ( u 2 ' s - i p i  ^ Z H " ) ( 1Z ‘ ' ' ! r l>1
Therefore, using equation (4.36) we get
I wAzir
K t .1 '
cosh -|& l)(.s 4 ^  i l Cvvl')l , (4.38)
Carrying out the same procedure for the plane wave solution G 
yields, for r = 1 + Rs_Vi,
G *  ^  -  I  f ^ ^ ^ I * 4
~  • ” “ *  - 2 * - 1  L 4' M
cosh ^ X ^ - ie O C s + l^ Y ^ IM )]  , (4.39)
where G * . = -U^ (Vr / V
Also, for r ;> 1 + 0(s”1/i),
^  ' qpsU((*>G *  /v/ ^rscosG   _— ^---------------- C^1 ______________
expj^-sfr1-  1 Z  + $ go*1 [_ i  ( 1+ S'1'4! <U)] + s 3 | c^\ (?*■ 
+ 2 '‘h ,7tsi', |c^1 +
47
and hence, using equation (4.36) ,  
n . * ~  ‘ ‘ “ S %Hh(^XS+  ' l 3
exp ^X ^  SVj\cj\ [t& X  ( I ' V ? f j  o=s.Cv^(k-1^ \Xs + ^ s 'M c .0]
Upon approximating the hyperbolic function to an exponential term , 
equation (4.40) agrees with W aechter's solution. However, this  
approximation is not valid  when | e | , and a close investigation  
of W aechter's analysis shows that, unfortunately, his solution is 
invalid for |G( »  X  , and, after revision, his solution for this  
region in fact corresponds to equation (4.40) .
i
$
or
(4.40)
V. Tangential regions
We now evaluate the contributions from (he tangential regions.
y L. i*—.(j,)
F ig. (iv)
From Loney, (12), p . 242,
OA. OC = (OB)z
i . e .
h cosh ^  cos ij, . h coshy^ = h^cosh2^
and hence
cos cosh^<cosh
As before, we find that owing to the symmetry of the physical problem, 
we need only consider ^  = |^ \ and .
, (5.1)
The tangential region is given, by
1 sj
T  = > .  + Rs" 4
and V , (5.2)
|K)l= \<[,\ + Rt. s'
where R and are both 0 ( 1 ) .
Now there are three cases to consider:
1. ^  = ^„ + R , s " ' i ' , R,  > R , (5.3)
2. M * '■<, rT'’ , R , < R
3. /lv >  + 0(s~V |) , (5.4)
but obviously cases 1 . and 2 . are tr iv ia lly  similar since
G (^  , ,  <| ) = G ^  , <| ) , . Hence we shall consider
only cases 1. and 3. , and therefore
r n
i . e .
G ("> , ^  ) -  G ( a^ .# , <| )
Thus, from equation (2.20) ,
G (  ^ I (b) db
V
where !
I (b) _ f t \  r  A f l
and
g ( f  + ( |  ,^  + l S , + ;s  , b , N) = ^ - { v ( 7 +V S ) -  v ' V ^ ;
^  1 vMtT.+ cs') i T
»“7
We now deform the contour } into the contours L, . i - L , L j ,
. L  ^ and L t .-as shown in Fig. (v). 
where
L , = b = e l | i^ .C .^  +  1C i4'Vi ( t^ .U ,'^ T 5(s ^ C ^ .V  | O t K < ‘*
and
L  ^ 3 b = e-‘ -  K ^  ( v ^ ^ T 1 , O <- K <  «>
However we have already shown in Chapter I I I  that I (b) is 
exponentially small on L  ^ and L  ^ A lso, the corresponding
DU
I W-J
Fig- (v)
Ol
integrand for Gp (the solution for the plane wave) is exponentially  
small here, thus making our method valid for
Therefore,
) = J I (b) db
L, +LX+ kif
but we have already shown that I (b) is an odd function of b , and so
. J I (b) db = -  j  I (b) db
^  L,
and hence
G (^  ) =■ I (b) db + I (b) db , (5.5)
Consider now the integrand 1(b) on L, (
b = e 1 * sinh^, + i e v K N 3( w .U ^ 0V  , (5 .6)
Now
r V c-
Ib 'T ^  = e lK \
 ^ co^ lr'V)
and therefore, defining y as 
y = b2" + e1*  cosh^x
gives
^ e c* c e ^ t ^ V )
!b^  = 1 j  <U> - (5.7)
o
However, from equation (5.2) ,
= 7  + Rs
and so
sinh ^  <& sinh*^c + Rs_a^  cosh"^0 
and V , (5.8)
sinh2^  sinhI"‘^ o + Rs'Vj sinh 2^0
Also from equation (5.6) ,
b v ^  e l *  sinh3-*^ + e ”9* KN"^ (sinh 2 )Vi , (5.9)
and hence
' b 1" + e t7C coshr  = br + s inh^'
= 0(s~*k) , (since N = s h )  
Therefore, it follows from equation (5.7) that
e** co 0 \ * 1?)
2 UA  , , , - W , v  4v V
~  1  Lb1 + e l*  cosh1
~  3 e sinh 2^ 0 '
and so
^  / (5.10) '
and
- ( 5 - I D
Also, from equation (5.10) ,  we get
b ^  *  (b x -t e ^ ^ C ^ V ' ^ C
and therefore, using equations (5.8) and (5.9) ,
b ^ I  «  C.''UV’ C s ^ L l^ J Vs(_ e ^  (U"Vs iZJL.3^. + e lJJVlKN'V3(s^~U l^ 0' f 1J
*= KN^3+ e ^ 1 Rs 1/3 (sinh 2 
and hence
N ly3 b Vj^ «  C + R.C'1 , ( 5 . 1 2 )
From equations (3.2) ,  
v">q  + ^ )  ~
and
v ( ^ + ( ^ )  ^ M ' ,'*L''t y 'v f t , N e ix c=..U1- C V ' i ^ ^ ^ ( M v‘ bv^ )
and so, using equations (5.11) and (5.12) ,  it follows that
■v«( ^+( * )  ^  i f 1 K 'Vi ( o ^ f ]
= 2*1- N^'tsinh 2~^„ ) % At (^RhVi (sinh 2 j'1 + K e ' ^ 1  , ( 5 . 1 3 )
and
v( ^  + i f ) - i , ( 5. 14 
Sim ilarly,
v 01(7.+  ‘ 1 ) ^  i lxC**1-t±'hc k c ( i c e 1^ 5)  , ( 5 . 15
v ( j . +;  f ) ~  f i*  a *  ( (c) , (5.16)
and for
to
+ R, s'Vs
< r+ 1  e. 1 N-"1 Ab [ k e W i  +  E-, t? ' . (5.17)
and therefore,
g ( T+  i5  , ^ + l |  , £  + i! |  , b , N)= £  f v ( T + C ^ -  vWC ^ r t (*?>)
'  ^  l  S vmC?.+ ^  J
, 2 „ - ^  N'v!( s ^ t v^ ' r /5 ^
_ Aci C ' C ^ i  +
Now
but
cos 1<U
( i c ^ )
cosh
cosh
r  = V  R - s
M [9 -Vs-  K ,s 4~£v^ —L.~^ c
and hence
cos
Therefore t
\%)  & ^ 
and so it follows from equation (5.2) that
H | [_R j. + 2 H  y  (tanh J c )V]  { '^
Now
f ^ l
TC
r i
l - H
but
r*
( y -v L ir tS ^ d t t  *
I 'l l
^  !<)!
, (5.18)
(5.19)
, (5.20)
and hence, for b on L, ,
° O '- *  o  | 0 _
'in
i
Therefore, substituting back into equation (5.20) we get 
✓4-4*)!
\  (« - -  t o s t ' l V t  f 6  ( -  U J,i (fc * + i Vt C  ( w m v)
+
6b [ t 1 + f C ( W L ^ ] 5 , (5.21)
From equations (3.18) it follows that
S(l^i) C-C^ -hO ^  c.,r f l .  fT-lV
~ -V
s'(5J
and hence
c(VW )l
/-s/
L * ' ( k )  I C-'( l )
- 2 ^ c o s { 2 N jV - t o ,h r ) U t - b W s v‘C ^ ^ M ^ j tj+
bf ( f r -  {1*4 ^  , (5
Also, from equation (5 .1 9 ),
sin =  0 ( s " * * ^ ),
and so, for b on L x ,
-2 b
= -  2N [_1 + 0 (s 'Vi)1N (b2" -  sin *" 
and equation (5. 22)  becomes
S(?;-Vlft ^  cosHzfAt - M jU lN -  j
I
where
( l )  J W -  c o ^ t Y * ^
,(5
A = RT + 2 !tR|'l ( ta n h ^ j''1 ,(5.24)
. 22)
23)
5 5
On L, ,
,v^ x o•!v . _ l _  i. n "5 \*hb = e v 7x sinh^0 + |  el fe KN (sinh 2 f 1 (sinh )
thus
- Abhs Vj + ^  _  e ^
- j e ' H k  C + e - ^  ^  , ( 5. 25)
also ,
b * e ^  s in h ^ c + el* f  KN'Vj(sinh 2 f x
therefore
b 2' -  cos^t e l'x  (sinh3- ^  + cos^t) + e1*? K N Vj(s in h 2^ 0 )Vs
and hence
(bl  -  cos’-t)1'1 +  tort-y'4 ,(5 .2 6 )
Therefore, it follows from equations (5.25) and (5.26) that equation (5.23) 
becomes
+W LK/i ikk C l -  £ h  t s ^ c ^ V } .
[  sinh {  2N f \ s ^ _ e T  + 4 K
L 1 J° Jo ,(5 .2 7 )
A lso, from equation (4 .1 4 ), the constant value of the Wronskian 
(^ + ^ 1  , b , N) is , and so, from equations (5.18) and (5 .2 7 ),w
the equation: 
I (b) = ■ • £  \>
becomes L,
a ( > + c |  h + )k )^
- AI  (b) «  (C -J L X fJ 1* te S L  ^  ( o
-  AhsVl ( iL O q . )  { *
+ 4 e ^  ^
56
jslnh ^ 2N ^  + aoc,vtf)L<tt + e ”1* k  t'l'1' ( —k j "  (ii_C i^.+ coi,MrV^At^|
[ A i [ k 4 e ^
Ai \ _ ^ < r ^  + l f . (5. 29)
Since the contour L  ^ is the complex conjugate of L , w ith the 
direction of integration reversed,
j  I (b) db
Uf
- - £ h
b-L.
I  ( 1 }  A t
t ,
s ( i  -\n \ ,
,(5 .3 0 )
i f  /
-  J ^  (/^ +t ? >^0
From Appendix Al (equations (A1.14) and (A 1.15)),
v ^ +  ^ x  '  b  '  =  8
and
v (^ + i£  , “B , N)
v ° '( ^ + i5  , b , N) = -e  lK <W  vl0 (^ + C * , b , N)
and so
g (  ^+ i f  , r  + i f  . ' V cl  < b - N)
= | L ( t +3  ^ ^ ^
i l L  v 1
, (5 .31)
Similarly
'•t- . _  *{■(.w^ +t 2  , b , N) = -r
but
w
= — i j ^  'Jn(h~"k' \ )  '‘’ ' ( t ~ + ' - \ ) -  s' (.A~'*'!)''Al’,'(A'+lf ) ]
■  - 2 . ( - ¥ )
-  H - i
-  ^  (/-+C 5 ,t>,K) , (5.32)
From equation (5 .2 2 ),
,+ l ( 5 d ! l V S
S ' f s . t ' ) - 1
- i t 1,1 cos, j  i f f  ( C -  ^ S U r - U k ^ - i -  
ff ( V  -  {  2Af l_ „  , (5.33)
but on L , ,
b = e sinh^0 + £e ^  KN'^ (sinh 2 ^  f 1 (sinh )H
and hence >
b = e ^ s i n h ^  + KN V* (sinh 2"^e f 1 (sinh <jo )~* y
and (  , (5 .34)
b*~ *  e ^ x sinh3-^  + e "^ 5 KN~Vi (sinh 2 f s J
However, from equation (5 .1 9 ),
s in1 <1 = 0 (s"v>)
and therefore
 ~  ^  ■■---------  -  -  I H ’' [  1+ 0(S *VS)1 , (5 . 3S)
K | ( V -  ^ M j V *  J
Also, from equation (5 .3 4 ),
b 2’ -  cos^t '*j o'1* (s in h ^ c + cos^t) + e ^ 1 K N ^  (s inh2^0 )Vi
thus
(S" -  cos"t)"v — {."''(v iX J^.4costS 4-' + t e ^ k h r ^ , ( s ^ k i ^ ) V5(sJXk^0 + cosl tT !
,(5.
yj O
s im ilarly ,
-bhs^A  + ~  «  A Us1'1 i ^ 7 o + i  t tVfc Ale U k C ^ ~ ^ q ^ ( . ^ ^ y  
Go
4. CvA^  f*?z, ^ r \H+ —  *  U ^o)
and hence, substituting equations (5 .3 5 ), (5.36) and (5.37) into 
equation (5 .33 ), we get
, (5.37)
■2.M e ^ 1- c o s U ^ 2 > l |  ( s.iX«X^0 -v cosH^SA-t
-  Ahs"1 4 1 ^  f\ K u!'1 (^U^CsJLUt.T -  -— (^C.-X'T
£
^slnh{2N J *  ( ^ ,  4
o  J  /  \ 0  •
Therefore, comparing equations (5.27) and (5 .3 8 ), it  is seen th a t, 
on L, ,
A5k
38)
f s c m w  . c O H ^ l
-V ^  L
s f . H i l )  , c C l 'i ' i i ' )
--------------------- - r  ----------------------
v ( ^  c ' d 1) j
and so, it fallows from equations (5. 30), (5 .3 1 ), (5.32) and (5.39) that
I 1(b) db £
,(5 .3 9 )
\  b L  c ' ( i )  s '(% ) j  ^ ( r + l l i M y
fe.c,
K W  dUC
J I ( b ) db
and hence
|  I (b) db + j  im « M >  
L' U
^ I (b) d b |
Li
Thus, from equation (5.2 9), for = 7o+ Rt s ^1. R , > R
G (^ ,y w ,< | )  «  ^ [ j t o s U ^ j ^ C s ^ ^ + c o S ^ f c
r l  f
A h s ^ i v U ^ .  4 J (7^ $ , + t o s H ^ t
+ | e ;“ /! A  K  L ,(i U C - ^ s ? J ’ C ^ q . f  -  ( . s ^ q j *  ]
jsinh [2 N  + c ^ t f LA t 4 e T ^ K < ^ d \ « : j ]"'
| a i  [ k  4 + tl? *C »^W !? .y ]J
Ai [ K t - kkC/i4 e ,y V i( ^ y ^ ]  ^ ic |
si -N  "(sinh 2^„ J7' (sinh 7 ,  f 1 exp £ -  A L  s*5 s.C*jU.7« "  C s -'^ q .T 'J
R e ^  [  ( ^ [ K  + e ^ i L ^ C w ^ T J 5]  -
Ai [ k  * r * *^  + e ^ vy ^ ^ q ^ F [ i e ^ A K u ,H ^ ^ . T s( ^ T - T ' J  <**'
,(5 .4 0 )
Consider now the case ^  ^o + O(s ^ )
From equation (3 .8 ),
f  b^1 = e*~ (dJLif- +i>T 4 €l? j ( c f^cT t^
where
s.
0  * (y 4 4 i | ) C O S -t
- i *x log
cosh (y^+t £ )
tX+■
,(5 .4 1 )
,(5 .4 2 )
_c©sCv(/-+^|) V c o S ^ ( /-+ l i )
However, using the expressions for b and b1 on L , , given by 
equations (5.6) and (5.9) respectively , we get:
(b1 4 s inhV .)Vl «  ( w - C iy -  -  4 4  e ^ 1 K
,(4 .4 3 )
A
and
t | * ( ^ 4 ( | ) CoS
4  j e ^  k  ^  C s o = ^ y ^ q . Y
Xv- \^.
,(5 .4 4 )
Therefore,
v " V + { f )  ^  +
~  2"1 K ^ N A [ b % e l V o0 s L ^ ^ | ) ] W/V x | , ( - ^ K k ^ )
~  2 1 ^ >Il ^ l l^o + e.'* i5 y j  « ,'^ |~  (_S~— -----£•---
+ ie"'^'* KlMVs ( i ^ L x ^ , ) 111 (  w~JU?/-  ^-  w r O t ^  '*- co-Us.^-
. . .  „ r i^ t .7 .  + i  ^  ( u ^ J T .y *  c ^ t - T . r  1
+ e K  J o C ^ - ^ t l ' ^ t  f
a lso,
(b1* -  cos2-1) v ~ £ 1‘(^ SA.i^ Csj'^ 04- c-c'^ 'tf) + 0 IC  ^ (S^ ^ T *  c_osX^
and
^b*”+ e ^ c o s h ^ + T S  )J *  = e"1^  (sinh*^ -  sinhv ^o f H J^  1 + O(s'Vi )| 
and so,
v 0) i/^+ < | )  ^  i ' 2- r i '^ (  oo-'fU .^ ( w ^ 1/—
,h  ^ + i  ^  K«y'C^^%TX<^dL\Yj
+ N \ ( vXrC^ + co j o Vt ctt +
coSH
r 4 tC M~v» |
/?w  I  1x^x0^ 1 ?
+ \ ( + C o S ^ l t  J  j ' (5 .45)
O
\> '
Therefore, it follows from equations (5.13) through to (5 .1 6 ), and (5 .4 5 ), 
that
g (? + i5  . ^ + i s  ,J 0 +C\ , b , N) = — FmCTavW V^ V v~ ^ L w(r - » ^
2C L A T . * ' " ! )  J
''-' 7i>xe~l N‘ s,fa^ s.C-X-i^<>y ,l°^soLJ-i^— A a ^ I c  +
-  ^ ' v ^ r t
61
,wc©*‘ [ 5^ Ws.^ y,A^
+ n  I (_ s.u a » + ^  sA l gut
<^ >S
+
Now
and thus
and
( - +  c^ s’t'T'dU:
M = W  + r ^ 5
sin [<|j ^  sin|^|,| + Rr s"^cos[^(|
, (5.46)
sm \*\\ s in^ l^ l + ZR^s^cos j<|,| sin|c|,j
However
cos cosh^o cosh ^
and so
1 -  ° ° Sg °  4 2R.b-*(1 -  )K ° °* ± £coshy^ r coshy^ cosh/r^~
and therefore,
b ‘ - s i n * « j  =  e l* s i n h ^ ,  -  1 4  4  0 ( S- |'->)
= evX cosh1" ,^ tanhr y^ + 0(s~ 5)
(cosh^o ) ^(tanhy^) ^ | \ l  + 0 (s '^  )
and hence 
(br -  sin *■ <| ) A+= e
Also,
I  - h i  = x  • ' V i  -
i
and therefore, on L , ,
(5 .47)
j r  - I / C O S
— “  C O S coshE ^ )  ■ R-
.-''5 (5 .48)
r* s(|- l< \0  + c ( f -1 ^  - a Y 'A  g>s {bi [ C +C  ^ j  ( A
c ' ( t N) {£-- cosl t T - ^ t |s ' ( i )
and hence it follows from equation (5.26) that
^  0. e ; ^  j ' 1
cosh
r l l )
{ » u S s ! '
^sinh ^ 2N co s^V ^t + ^ ( y Z U X f ^  * *  c-°,s^  * ^ 1 3
, (5.49)
and so, from equations (4 .1 4 ), (5 .6 ), (5.46) and (5 .49 ),
L,
/too
A l[lC + ^ V U ? ( s * L 3 ? . f j  -
I
r~ w J^0 •» -^e *^ 1 C aT5( ^ |
(.CoS
iwJ^o ■+ 4.  ^K
+ ^  A t ]  j tosU{K[ iM
I
V ( . \  r 5 - c C ' ( ^ ^ V ^
K ' * K ^ O ^ t o ^ T *  [  J +  J i y = ^ l
,+ c e tT V t j
}
jsinh 2^N •+ «T^  tCK"1(t^ _C .^'f>j^ (iAJL .^+ cos'tfSit} J
-i
,(5 .5 0 )
As shown previously,
I (b) db I (5) db
UL,
but 
b
c [ i ^ \ D  + ^ ( ^ h i ^ ) i  ^  - i b 111 cos f ^ u ! *  ( ^ -
-  c ' ( x ) t )  s ' ( 5 , o J  ^ ( y ^ l H ^ V_c*‘:
where
b = e '^ s in h ^ o + i  e'*'* KN'Vj(sinh 2^„ )Vl(sinh^a )' 
b*- «  e 'U  s in h ^ c + e ' '”7* KN^fsinh 2^  J Vi
and
b -  sin*1j = e^K sinh3
= e ^ c o s h 1*^  ta n h ^  + G (s~V3)
and hence
Therefore
(Bx|-  s in 2- ^ ) 7* = e i,f (cosh ) /r (tanhy^)^ £ 1 + 0(s~'^)J
-v*.
~  ° Cs^
, (5.51)
K ( r - w - ^ f
and
(E*  -  cos‘‘ t)''l K e ' ^ s t n h ’" ,^ + cos*-t)v*-+ l e ' ^ K N ^ f s i n h  2 ^ o f *  ( s l n h ^  + cos"t f “
and thus
_ r  c g - i < \ u P
b \_ 4 ’ ■ s ' ( £ > ^
~  2NH e ''% ( i ^ r £ L y cjoS( L ^ [ P + j 1
+ K 5 ic [  ( J + f ' M " ^  V
sinh j" 1CKV* ( y ~ J ^ + cosH:^£^.t|j
L
c (? 'l< ll)  *
L c ' ( % )  . f t * }  J
Also, form equations (5.31) and (5.32) respectively,
g(^+cT//^+ ^1/ ^  + ll  / b , N) = g(^ + C% , A" + l !  / +^1 / b , N)
and
w (/^+(S , b , N) = -w (^ + C 5  , b , N)
and so
I (b ) = -  I (b )
and therefore
I (b) db = I (b) db
Lif
and; for ^  > ? o  + Q ( s ^ )
I (b) db
’L.
I (b) db + I (b) db
= v 2 Re I (b) db
/ nx - 2 ' ^  N~^ tC*1*-
Re
(tanhyu JF^  (sinh^*- -  sinh1" ^ ) ^ j
t -=s *  Vl K « • ]
expi hf j (s^X^0 + ■ c-sMfY1' (lit
ru ^ q . * te 45
r"s L J
+J.
+
; £  C" , (  1 ,  w  W j  L  7A tj.
j ’ (uXt-7„+ a=^tYUt 4 ^  k^'^ vU -^Y1]^ (v -J ^ + ^ tlV tjJ  £?LICsinh < 2N
Rs -  2 ^ N % it '*- (tanh^~) ,l(sinhY~ -  sinh1 ? ) ^  
e x p ^ -N c o th ^ (s in h ^ -  s i n h ) ’'■-- N j  ( v ^ t i - ^ 4 .  A t j
w t-< r ^ ^ ( ^ u x ^ y ‘Cu^.Y'1
i j  ( w - u . %  ^ * T t Y l A t + i ^ 3 i c t V ( ^ L ^
r  w O ^ . 4 j  e4 » 1
*  r  [_ J
j  cotly^sinh1^ -  sinh*"^ )'V* + 1 ( w J ^ .  + c c ^ ty 1*- At
i  v cusSU^ . ' 1 1
( s ^ X t^ „  -v s ^ t ^ A t ]  t K  > ( (5.52)
Consider noW the solution, Gp , for the plane wave incident from (| = O, 
G f ^  c rfco* ^ “ s1 + l Vl ^  ( k C ^ , ^ ^
^  exp(N cosh^ cos<j) -  2 exp j^N |   ^ (sinh1^  + cos*'t)"i dt
Re {  1  ( > t K + ^  ^ ( ^ ^ . T S] ^ t K*  ^ + )
exp ^ i e ~ 5 3j  cosvt?) ^t:jco^L^r4 ( w ^ C ^ 0 +■ oosHr) <tt
^  ^  S
+ l e ' 1"3 )C K 1'3 CX ( i J z L %  +  c o ^ t W t )
£ s in h  o ^ M ^ V t  *  < f 3 KM''s(w =U1^.Yj \ d - ^ +  u . i ' - t j 'V t j ^  Ak.j
Furthermore,
but
and hence
Therefore
Hi = h a
h . i  = cos
-t I cosh
cosh A" -
lo.i = *  
1 11 z
hi *  + R .s2- . *
and
cos -  -  sin (R^s'1'1)
-  (R.s-"' -  | r ' s-')
i . e .
Grp C^ Cv cosU.^ (  s —  ^ ^v) — 2, tos^tri dfc
exp j^i <T * 1 C ‘ j  * ( C = t ^ .  + ^ sW [n[ |  ^  ( lU ^ .+ c x .v tT V
_ . - TC S
+ ie  \ ( x^XJ^yo 4- co<?
\ j i n h  { 2 N j ^ ( w ^ <,+  e o s ^ A t  jklC
^  exp £ x /{^ <L©<S>L. (^^  S-  ^  ^a.)J -  C>—C^ -^ 04- CosMr^^tJI
( *-
exp
J'i
<Uc , (5.53)
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However,
and
(sinhA^ 0 + cos^tj^dt = I (cosh3"^ -  sin^t/^dt
= cosh £  [  I _  i .  + 0 ( 0 ]
«  C O S h ^ o ( 4  ( L ^  +  l l l ! _  )
(© Co5*U 7o
f ~ ^ s fl
(sinh1^  + cosi t) ^dt = I (co s tf^  - s in ^ t ^ d t
= (cosh 7  f ‘ (  | 4  ----- — ^ + o ( O U t
N >0 v /
« -(cosher ( t o *  + - ^ s )
and so, equation (5.53) becomes
I
&p ^ C" ^ ^ <uas- ^ i ^ ) ]  ~ ^ )
^ {{Q (M  0  + )
e"^3 KL(!.^C3( ^ ^ :b |0T i C c o ^ oy']^.dllcj , (5.54)
For the lim iting case of the circular cylinder, it follows from equations
jl .(4 .3 3 ), (4.35) and (5.40) that for f .  = 1 + IU s *  .
G * ~  - 2 ’* s-'5 exp [ -  A* (J_e y  ^  O  A* K ]
(At Tk + e 2 1,1 r 7 -  AI [  fCe'*"'4 + 2 '/j R ]  AI(K) A
J   At (Ke 3 ) — )
Ai + 21'1 R, ]  j O  , ( 5 . 5 5 )
where
A* = R x + 2 Vx R^.
Sim ilarly, for r *  >  1 + Q(s~3y* ) , equation (5.52) gives
, (5.56)
G*
Re
Ai( Ke“ *) k & c *  *”4 R3)
exp v S Co S
I
+ cos-  /  a V Y *
f .
CcS (  7  )  -  O ' " 5 11 d k
However,
cos -I /  U  O 5 O K s ' 15
and so,
n *  X  *■ ‘ "'Au  -  X  s X s-( 0 - l Y " v e>v^> [_" s ( T i1 _ l '>t ^-vs * ]
Re
A(Ctc')
Av ( K < 0 )
exp ciX , (5.57)
F in a lly , the plane wave solution Gp, reduces to
G, e x o n -  2 e x p
Re
exp
t - -
-«X/a K R%2-v, cL k{ , (5.58)
(in agreement with a solution given by W aechter, (1)).
V I. The illum inated region.
In Chapter IV ,. the solution given for G ^ is Invalid when 
|B| < 5  , and although the solutions for G (^  / / ^ / * )  ) are valid  for 
|(J | < / they are found to be too slowly convergent to be of any
practical use. Hence the solutions in the illum inated region must 
be derived by different methods.
Consider now the solution . equation (5. 5) j  ,
^ I (b) db + y  I  (b) db , ( 6 . 1 )
[  l—t t-ifThe use of the same methods as employed in Chapter I I I  shows that 
equation (6.1) is valid  for both G C ^ , ^ , ^ )  and Gp in the 
illum inated region.^
I  (b) = b
K2'
also, from equations (5.31) and (5.32)
g ( + 1  ^ + ^  / b , N) _
w(y^+ i | , "B , , N)
> M )
^  d  >15 >''O
g f?  +^t  /To + / b , n )
w(y^ + r | / b , N)
and, adopting the same methods used in Chapter V, it is not d ifficu lt 
to show that for b on L, ________ _____________ _
J c-
Hence, for b on' L,
c(lA<\ |,V>)
-V
s ' ( I d )
I (b ) = - 1 ( b )
but it follows from equations (5.30) and (6.1) that
2 Re , (6 . 2)
From equations (3.18) we get 
r
s ( j j l \) + 
s '(D  4 c'(S)
and so, for b on L, ,
( I ) ^ d )
.2.1 k I.
e^xb j  cn( ^ co^tr) dfcl
f - W  1
j  , ( 6 . 3
Also, using equations (1.32) and (4.14) we get
9 ( 1 + d  , To + l l  , b , N)
w ( (.3 , b , N)
— —^  /  v “ Cr+v10 -  0  v m(7+; | )
it  I  '  v n v * ? )
where, from equations (3.2) ,  (3 .3) ,  (3.4) and (3.8) ,  
v (n( ^  + ; 2 )  ~  A
and
Wv
with
( |  + i f  ) ~  i ' 1 <*'  e d
/  b
U t '
, (6 .4)
3
thus
■ | b ^ Vl’ = coth*^ (bx + s in h ^  )'1 + i I (V _
However, on L , we may take
where
and so
xVx
\ 1(b)  db = 
where
4  U )  [ * ^ ^ 3 ,  w )  '  s9 - w y  d *  , (6.5)
f , (x)  = X ^ x 1slnh1^  + (6.
vVx
*>
, ( x ) =  -  L  (.-X? s U ^ „  +  cosxt t "  d t  +  J ^ M C ?
1-111
" ^  \  ( x xw r C ^ ,  + c ^ e i ' M t  -  + ^ y ' f  ,(6 .
V - i H f )
and
g t (x)  = -h ( x vs^rf-^y -v Mi: + xUc^SvLr^0
l-V\l
2h \ + coS; t V ^ d t  _
( - ^  ( ~ ^ s r
+  h 1 ( tC  -v C-oS.HrY^ dfc -  /U co4C  ^ -v
CX>£
/  ")C
H  w X ^ J
+ h i (x * + c p r t f  d t , (6 . 8)
Therefore, denoting the stationary points of g , and g^ by x , and 
x * , respectively, leads to
.s r ^ 0 4 i ^ )
vV
V ^ l^ 0-V CxvSVt >) M/t 4  1 (^X j’ V w ^ * ^ Q -V CoSV0  =- O
eoS^  C-^ g ^ 0)
, (6 .9 )
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and
\ + ^ ^ y ’'vfc + 2 . ( x i s C ^ ^ + c c s ^ ^
5  1 , 1  J oIn 'll
(%t s-CUZ^  + cesMrf^ t + \ (x£- s^t^. + c«V-e)Slt ,(6 . 10)
Also,
9' , ' (X') =  L t£  W J ^ *
1
0. e>/x
t x t  U w lv ^ 0 +  C osH ') ^
+ \ C ^ ^  c_o ^
s”4 (^  vwJbx /
l-iM
4" //k*. SLia«1n *^ c
t c L - X ^
( ^ e ( -
tanh M
(sinh^yU -  x (r  s in h *^ ) '* , (6 . 11)
and
ZX
: < x j  = s^ J L ^ o ( x t  +  o o S - t f U t
L-
I M
* j  G>cv S ? ‘ )‘CoS X*. Gii^   ^ v "—^ “5
+ 2   ''
o
GaSVt >) ^  ~   ^ ( x t
(x t w t [ a + c o s 'tf  ^  I + ^
-V C o s ' - t f n t
z.
( i  - * 0 *
tanh ________ _
(s in h ^  -  x £ sinh1- *^0 )'h
tanh &-(sinhv^ -  x j  slnh1-^,, )"* , (6 .12
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but an application of the method of stationary phase to equation (6.5)  
yields
■ U , *  ~  [ , 9 i W ]
-r- ZsXfo [ >  l
where f , ( x , ) ,  g , ( x , ) ,  g . ' ^ x , ) /  f , ( x j ,  g j x j  and g * ( x j  are 
defined by equations (6.6) through to (6.12) ,  and so it follows from 
equation (6.2) that
(Note that the solution for ^ ^  is readily obtainable by using
equation (2.18)) .
Consider now the solution, G a , for the plane wave.
r
G = &r(T l h j )
and thus it follows from equation (6.2) that
G p = e N “ ,»u-T°“'1  + ,(ju_ ^  j ,
Therefore, using equations (6. 5) through to (6 .8) ,  equation (6.14)  
becomes
(6.13
(6.14)
e x p £ s g 3(x ^  ~
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<Lx V  , (6.15)
where
f 3( x ) = x '4- ( x * - ^ L x i^  + ^ < J ) ' ' \ x 1 s L x ^ ,  + cCk ^ ~ U ^ T ,A+ , (6.16)
j'Cos'C
gs ( x )  = “h i  (^ yC-
i - n
and
r l - W
g^(x)  = h 1
C^s*1 X
2h \ ( x 1 % Z -L ^  + d t  -  ^  4- xl
O
■ s
+ h \ Cx * cCC / (6.18)
o
Thus, denoting the stationary points of g 3 and g^ by and 
x ^ respectively, leads to
-I / X-x s.cos
= I - M l
i .  e.
X j s i n h ^ 0 = sinh ^ sin |<|| , (6.19)
1
/ Xu.
^  r 055, )
( x ^  -v cos'"tr) d t  •+ \ ( x ^  1 + to s lt) S i t
e o  V4 X . t
2 I ( x i  x  c o ^ t ^ d t  , ( 6 . 2 0 )
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Also,
«s  ( * j )
h slnhx ^o t a n h ______
(sinh1 ^ -  x x s in h ^  )'
and so, using equation (6.19)
g j ( x 3 ) =
S im ilarly ,
h sinhx <fo 
^  coscosh
g 3 ( x * )  = h coth ^ (sinhx^ + 
= h cosh ^ cos
f , ( x 3) = x j ‘  (x_\
(sinh ~>0 cosh ^  cos fj )-V*
and
g ^ ( x *) = “hxi \ ° (^x^ -v ccsxtr) A t
• ex* X  i f <oS
/ 0\
~2 1 -Ar ' A t  I (^x^ V^C^'^-V'CasMrT3'^  A t
, (6 . 21)
, (6 . 22)
, (6.23)
+ h sinhh ^ .
1 t   L.~^
Co^L^c 0  '  0 Vl
thus an application of the method of stationary phase to equation (6.15)  
yields
, (6.24)
Gp ^  e.
' £ C *
I  (>0J
'  bfiSf ^ [s>K'<i5ll
Hence, it follows from equations (6.21) ,  (6.22) and (6.23) that
G
?
C  ( C x , v ; 5  ]  | , (6.25)
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where f 3( x * ) ,  g tf( x H) and g^(x^)  are defined by equations (6.16) ,  
(6.18) ,  (6.20) and (6.24).
Consider now the lim iting case of the circular cylinder, it follows  
from equations (6.6) through to (6.12) that equation (6.13) becomes
(t -  ~ -  (Ss ]  j ' (6.26)
where
|9| + cos ( iA  -  cos * ( ^±- \  = O
and
(e\ + 2003^ (yx ) = cos + cos
Therefore defining
sin , (6.27a)
sin , (6.27b)
, (6.27c)
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= s ln " '(  . (6. 27d)
and
^
^  , (6. 27e)
leads to
+
with
2 ^ ^  s'1 (Y jCbs^i  -  f c o a e c , ^
(c o s ^ i.^  [^s C^ ~c<:>s^  ~~ CoS^ 2-)]
 ^ < 5 ^
(^X"C$ (La%«vcx^h^x — Vs — <ocSoCvous'^i^i  , (6.28)
= oC,. lel + h
and > , (6.29)
|e|  + ^  = 2^:
Sim ilarly, for the plane wave solution, G * ,  equations (6.16) ,  (6.18) ,
(6.20) ,  (6. 24) and (6.25) y ie ld
/ j .  \*/«f
V  ~     e x l ,  , (6 .30)
where
■ f - l & l  + « o s - < ( ^ )  = Z o o s " ^  , (6 .31)
Thus, defining
= |
, (6.32a)
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O S  -  O Y , ~ '7 *3* " v—Y3-
and
, (6.32b)
equation (6.30) gives
G p* ~ , (6 .33)
with
, (6.34)
in agreement with W aechter, (1).
Although d ifficu lty  was encountered in simplifying equations (6.13)  
and (6.25) for arbitrary e llip ses , it was found that a drastic improvement 
could be effected by considering the case when the shape of the e llipse  
was w ell rounded, i . e .  when the radius of curvature, X  / was slowly 
varying.
Now
thus
~&X _ 3h sin <| cost)  (sinhxT0 + sinx <] )>/>'
“  cosh~^0 s in h ^ 0
and hence, when
sinh ~^o >  O ( s Vz)
and
cosh >  O ( s'/x) 
it follows that (since h sinh = 0 ( 1 ) =  hcosh )
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and
h = o fs -*)
K  =  1 +  o ( s " )
= o (s - ')
Also, equation (6.13) takes the form, similar to equation (6 .2 8 ),
-  i O C f b & . O O j l  • l6- 391
[& :  i ^ o ]
where
n  i
* c o , -  X , -  „ ; ■ ( * % £ ! & )  *  IT?)
F , (X ) = (X2- sinh1"^ + e u  s in h ^  )"^(X5-s in h ^ o + eu  sinh'y^ f'+
G , (X ,)  = h coth^ (s in h ^  -  X \  sinh*-^, )Vi -  h cothy^(sinh^ -  X? s in h ^  ) 
G x(X t ) = 2h cosh^ 0 (1 -  X * f** -  h coth*^ (sinh3-^ -  X^ s i n h ^  )',x 
-  h coth^(sinhzyu. -  X^ sinhz' ^ 0 ) '^
G  ^ (X,) =* h sinh2^
L (sUL^ -  - X* wzcppIh.
and
u f
g'* (X j  = h sinh2'"? \ c ^i_v^ . ■ “ \i/
*■ ■ . V  L  t e s k ^ o 0 - x p  _  x t  w l i ^ r
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_______tanh >uv
(sinh*yu, -  X ^ s in h 2-^  )'*■
Thus, defining
and
= sin -t (
-  cos ' 1 (  -L T-^\
X 5 
^  )
= sin
cos X , ^ £ £ A
SWvIa^ V- /
X  £
i  -  cos ^ (Xs)
, (6.40a
, ( 6 . 40b)
sin“'(xs)
equation (6.39) becomes
, (6 . 40c)
G (7  ,1  'A " '1!
+
^   — e ,^ >  (^o-»s.t^cfes A , -  c o s .ty ~ c o s fe ,l) j  _____ _
dh K ,fc- h i 1' 1 (  A o _ j L ^  v i d e o s .  & 1 -  U ~ t ^  w J L ^ , A , V l  
6,>^>Q'{(ic«>&L3j,,cosCi  — <^sK,. — U^.cciS. 6 J)j ,(6 .4 1 )
where
t f i i ^ C e s C t
l<\l + B< = A -
I'll + A i + Bt = 2Ct
T x— Vw_Lv^Co .^ toujl /^v V^ XlsI^ CoS Ax \
Sim ilarly, equation (6.25) becomes
G > -
where
,(6 .4 2 )
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F3 (x^) = ( X js in h 1^  + e CK s in h ^  )
G  ^(X^) = 2h cosh^o (1 -  X^)'11 -  h coth? (slnh*? -  X^ sinh1
, r  x
G^ _ (X^) = h slnh ------------
-  Xjj. .
and
1 - 1 1 1  *  ^ ( - - -^ J )  ‘  W ( x »1
Therefore, using equations (6 .4 0 ), equation (6.42) yields
where
(s ^ C ^ ,  o^ v> C^Y1 QIc e ^ ^ o CC>sC.if ~fc-osk^cp\
1 . 1  t b — 1L ^ .  c o s  t \ ^  -  t o — s ^ k f .  CO.S ] V i
,(6 .4 3 )
m  + A , -  2 0 ^
V II .  The drag on the cylinder
As the cylinder is an insulator, the M axw ell stress vanishes 
on the cylinder, and the drag, D , is purely viscous, given by
( C \!2_
D =
CJV;
OIL , (7.1)
1
A
K
dx + ^  dy 
»\ JlL ■= i  dy -  jh. dx
However,
x = hcosh^ cos^j ; y = h sinh^ sin<| 
and it is not d ifficu lt to show that
s A<1 _  S t
thus, equation (7.1) becomes
^ ' D-D = -
but the surface, C  , of the cylinder is defined by 
^  = constant
and hence
D =
rs
i t )
<^ t)
v ? -
Therefore, it follows from equation (1.11) that 
d  ^
but
T (x ,y )  = S (-x , y )
or in terms of the e llip tic  coordinates ( T ' V '
T ) = S ( T , - *  ) ,
and so, equation (7.2) becomes
D = - dL'O
However,
SC? ,<| ) = e -i4
and hence differentiating equation (1 .4 1 ), we get
— (4~(L
Meixner and Schafke, (2), p. 185, have given the identity: 
exp J^ 2ih (cosh z  cost c o s k  + sinh z  sin t sinpc)J
= 2 f  U .  e )  ( z ;  w ) ( e ; l i )
+ 2 I  *  S e ^ ( * )  U") fi,(l  ^  (.*> ^
where
M CO
and C<L^(x\U) • U) • (z ;h ) and M ^  (z ;h )
have been defined earlier.
, (7 .2 )
, (7 .3)
,(7 .4 )
(7 .5 )
Also, from Meixner and Schafke, (2), p. 115,
Se  ^ (O; h") = 0  
and hence, substituting <*. -  O , z = ^ ,  t = and h = in 
equation (7 .5 ), we get
' 7y I ^
'exp[-tf«*t^«~<|] = a  J o  ) ) H ^  )
or, in terms of the M ath ieu functions used elsewhere, it  follows from 
equation (1.30) that
e x p [ - ^ L 7 c v , 1  ,
and therefore, using equation (7 .4 ), equation (7.3) gives
D - > |  c 1- '  S s i — » « . , « - . * >  2 2 2 £ ! 5 = *
J ,0 V ’C^ o
Thus, it follows from the opening equations of Chapter I I  that
D = z  ^
) a C„(.>)V^| S ’ -  . V-::Vvt^ -e
-  2 *  ?
J T c * C |H < |
and so, adopting the same method as used in Chapter I I ,  it is not
d ifficu lt to show that
. - M  { iD = ~  U
^  Jr
ID  st lV
l d ( S )  S ( D )
where F is shown in Fig. (ii).
  — —  A  , (7 . 6)
V ' t V - ' t )
The next step is to deform F into the contour consisting of the four 
straight lines L t , L*, L3 and L^, and the arcs joining the two contours 
L , and at in fin ity  in the right half-p lane [  see Fig. (vi) J .
However, using the same methods as in Chapter I I I ,  it is 
easily  shown that the integrand in equation (7. 6) is exponentially small 
on the arcs at in fin ity , and so their contribution to D may be ignored.
I S-vwl
Fig. (vi)
Therefore, equation (7.6) becomes
D =
-/la*b «;■' Vx
c ( «
c ‘( l )
* ( l )  ■
I ' d ) s P ^ l )
, ( 7 . 7
= I , +  I !_ + I J + I ^  , say
Consider now
, (7 .8)
c ( H  _ $d )  
c d )  I ' d ) ,0)
v ( v i l U v
l" c ,
£  1
C d V  S>(5)J
-  e
<w
then since we have from equations (2.11) and Leppington, (6) ,  p. 54, 
c(<|,- b ) = c( <j , b )
s (< \-  b ) = s( b )
V01( z , - t )  = e " * 1^ v 01 (*.)
and
v (2M  z , ~ ^  ) = e 
it follows that
<»
v C ^o +d  . -b) = I  [ v l,' ( ^  + d ,  -b) + v » ( ' ^  + d  . -b ) ]  
- ^ ^ - i ) ' \ , o )(-Tc+ ;s ) + v w ( d 4 i - ) ]
and hence 
I + I1 2. x i
«UUL^o
N .
4i
c ( iy  .  » d ) _  
c '& )  7 ( 5 )
f  ((J)|  _
' e
-l.v>(V^
_ e -v l . -W S .U K ^ - i^  vw C^.+ i i ) ]  ^ , (7 .9 )
From equation (1 .25 ),
N J-(b’- -  | )  = A (v’ ) 
w here, for large V ,
v>x
i . e .  , for large v
•y>(» ~  Nr (^ '^ x )2' 
However, on L , , L z , L 5 and L + /
N (b1 - £  . i f  = 0(N ) 
u
and thus, since we are considering the problem for large N , we may take
V(*o) #  fsl ( b ^ f ’* , (7.10)
in the four integrals I ( , 1^ , 1  ^ and I .
For b in the interval (O, is in h 7 c ) ,  we have
Re(b) = O and o £ b 4
thus
b =■. -b
and so
v> (“b ) = \) (b )
and hence, it follows from equation (A1.5) that
V ( - b ) = V - (b ) , (7.11)
A lso,
V "  (b) »  N * (b* -  i )
, =  -  I n 1 (b1 -  | ) j
and so V is purely imaginary, and thus 
V = -  V
hence, it follows that equation (7.11) becomes 
V ( - b ) = -  V  (b)
= - N ( b V - ’I-)*- , ( 7 . 1 2 )
and therefore using equations (7 .9 ) ,  (7.10) and (7.12) we get 
t  ,(iK  
" ' V - DI a + I , K4i
-N *'
2
f  r r i i i )  -  i i i i i
L e f t )  A ( i ) J»Jo
e. -  e jLW
i lH  - l i i l  
U ' ( S )  v ® v V ' D t i w . [ ns ( y - i 'N |  A t , (7 .1.3)
Equation (7.13) is now split up into two integrals so that
.nO K ’M  -
I 1+  I ,
». r f 7  c ( t )  _ s ( D
¥ . | W L c '( * )  S '(« J
«u.
2
c m
c ' ( l ) v ( d
\ u l ( r + ts K ^ M H  ^
= I x*  + I 3*  , say , (7.14)
and hence, the use of equation (A.2.13) gives
I i *  ^
v -1^
(.*4 i^ 3 '7^  7^ /3 /"ts q)/  ^ ■' r -/iV t IN x o j ^  V W p l ^ ' x )
. R ' i VJ" Jo
For b lying in the range (i s”^  , i sinh ) ,  we have 
I Nb J ^  0 (s vJ) , (large), 
and thus we may use the asymptotic forms (3 .18 ).
eU> / (7.15)
Therefore,
C ( t )  s ( i )  - r
<*?> " s '(f)  Kb
- X
N b ^  (b* -
, (7.16)
and hence
Nf w C r i O H * * ]  . „ /  . , v „
i , *  ^  ^  \ f  r?5 ~  -l " V
W lM fc
thus it follows from equations (7.15) and (7.17) that equation (7.14) 
becomes
,(7 .1 7 )
is**3
-Vs V.S
I ,  + I 3
+ N
bS-V3
Consider now 
I . + I .. =
^ —  v/ 1 A r + ' l ) ^  ,(7 .1 8 )
w  [ a i4 1 7  ( ? -  cos '-tY ^t]
- 4 "  f  w - to<8‘
XL 0
Lj-vb^
~  f l i ) .  -  V (T
. C ( £ )
then, since, on L 1 and , N |b j is large, equation (7.16) is 
va lid , and so
I , - + ^
N_
V
V
[ a ^ C  (> '  cos’-O 'V t] Vw (^0+ c |)
N_
i
N_
i
b = U
v ( y ^ )
>x) ^
SU— b ^  C 1 A '  c^sl t A t ]  Vu' ( ^ I f  S )
d\>
However, it follows from equations (A1.5) and (A1.14) that
"  V. V  (^fc') V y~ T  \ C^) ^  / -—■ j ' r  1 \e ** v ( ^ n S  , b ) = e x v ( ^ + i |  , b )
r (7
v < 7 A t >
and from equation (A1.15) that
y ' - V + t ' i  , b.) _
vw ( ? 0 + > ' i , b )
v (lV + ' T )  
v ( ^o + ^ )
Furthermore, on L . , b is large enough for the relationship
(b*' -  cosxt)V\  (bv -  cosi t ) />' ,
to be va lid .
[jThis is because we have stipulated that the cylinder has.a 'w e ll-  
rounded' shape, i . e .  s inh^ 0 is large. A more rigorous approach 
is given in Chapter V . j
(7 .20)
(7.21)
(7.22)
Hence it follows from equations (7 .2 0 ), (7.21) and (7.22) that equation 
(7.19) becomes
I .- + ^
N
N
i
v" a  A
L w  [a r f ]  ( f -  cs 'tf'A fc] v w A  C S ')
v “ t7 .+  ^
.19)
= 2 Re *1 
On L , ,
1 %  ^  ^  r x )
N f  ^  C - ^  Ce~i)Hl* 1  v C v i \ )  -S‘,(h* i.\)  ^
1 J Li ^ n(^ o + ^ )  J
,(7 .2 3 )
b = e 1 *  sinh-^  + £e 1 ^  K N '^slnh  2 f *  (sinh ?  )H
and so it follows from equations (5 .1 5 ), (5 .16) and (5.26) that 
v3
I , + ‘ I h- ^  -  ■=£■ (sinh 2 )*  (sinh )' exp ^  2~3Sc N (cosh 2 ^ c f* j
/>60
Re-
Thus, using equations (7.8) and (7.18) we have
r  1 s"1^
t o y .  r  .(jLJsf - * /< / ]
A
+ N
^ u C b H f
^ v 3 SxL.[ 2A ^  (£■ -cosvtY1'c lt]
-  y -  (sinh 2^o f*1 (sinh ) ' exp ^  2 /aV  N (cosh 2 *^Q ) /x J
Re
\_  o ,(7 .2 4 )
Consider now the three cases:
1 . = o + R i s Vi
2 . + 0(s~Vl)
3. the incident plane wave
Equations (3.2) give
3/x  4 ^ 3 . - '/ j  <AfvlV + t! )  ^  e_l 1 N-"! b'fe (bv + s ln h ^ j'^ A i(N ^ 3 bVl J ^  e *^  )
where
(bL -  cos^-x-^dx
fc>
/COS'
UC £ *"f' + fiT^  *■
r-A -,—\v ivwnU n.;
then , defining x by 
IS.
b = e *■ xsinhy^v, 
we have, for b lying in the range (O, is in h ^ 0 ), that x is real 
and satisfies
0  4 X_ & ] ■ , O  ^ s "' *■ £ ^
A lso ,
2 ,
3bV = e
. a  A co^ >
cos^x.
4- CoS
but it follows from the mean value theorem that
>S x
(xz-sinhJy^ + c o s ^ t^ d t = X cos' 1 x-i
,(7 .2 5 )
where
i. e.
(x’-sinh*^- + x ^ )/j* <  A < (x^sinh1" ^  + 1)K
x coshyu^ <  A <  (xi sinh1“/^  + 1 )
Furthermore, for
C.< b <1 U "Y3
x is sm all, and thus it follows from equation (7.25) that bVi ^
large, thus
v w(^ + C |)  ~  z A ' A 4 *  (
exp
-V,
-N  coshy^(l -  x Y 1 + A  N cosHx j
and hence equation (7.24) becomes
D
i s
('i)l
SuvJa^ s.
+ A k W *  -    1
S ^ U  (jXAj J^( Y-v ^-H^])
+ e'1* ^  f  ^
U-v, w .  ^ j \ ^ - ~ V - t f * - < t t r ]
+ 2 (co th^0 )fce x p [ i ^ K r i ^ ^ . t - ]  i l j
exp [ i'v‘-k< T % K hi"3 ( ^ ) Vi( 0 , ^ 4 J^ ] ___________  ^ '
sinh [2 N  +■ h- « - v-' K^
.  _ i”Vl
c"% 0 f/i 0 r6 -."/ib •,'%», . , J^ /(o I _e 2 3 r  N s m h w  i^, 1 .r r t , _.Afl  fT .- x T f ix   ^  x / ^ i - x . 1)  ^ e . x t . L - 'M t a s . L ^ O - x )j *- u
p x
+ N j  (x ^ s in h ^  + cosxt)'^dt + N'(xx s in h ^  + i / t .£
o
-  2N  ^ (x^sinhVv + cosvt) /l:dt J dx
/' 1 Vivs*U.T K-. ^ 1, .-/<. ' - ' • ~ -'•*+ e
cS-*'*
+
Ai(NVj ! / ' ’ r  <?** )db 
4 (coth ^  )'4 exp K ti ( c o s L i ^ f  -  XNr ^  (s ^ J ^ 0 + to4‘ t ' N t ]
Re f  ^ S S )
-  (  ^ (sinh1-^  + cos’-tf^’d t)  ]  dK i  , (7.26)
For ^  y ^ o  + Q(s~vM , and O i sinh?o
V u ,( / - + i | )  ~
where *
( • r *'"1
| b T ^  = e l x \ ((,*•-
3 ^  L ^ b
= e
, X' 
e LK co sh ^ ( 1 -  xx )/*' + ( (xx s in h ^  + cosxt)^ d t
with
_ sinh
0  4 x 4  ----- =—^sinh
th ere fore 
t o ,  , ' X \  *\ -y,V ( 4- i -X 1 ) tr '3- x x»:( ^ + c | )  -  i ^ ^ c v y iN ^ ( s ^  + t ^  e ^ ( - | N r b ^ )
and for b on L , , equation (5.45) gives
v ('1(/* + ^ )  3 . v x /l £ 1 N» -■ sfbJ/ ^ 0) s^~k x
+ N | (  4- c ^ H ')S it: + '  eT K n; /j ( L x j j * 1 [_ oo-R ^ (s*,~-Lx/~. "
+ I (sinh1 ^  + cosx t) xdt
J c
V
where ■ 0 *(/^+>- ~ )  is defined by equation (5. 44).
Thus equation (7. 24) becomes Vj
D K V
tM V.]
t^s
*. /J( ! -  xx) * e ,xp £ -X c o sU ^ ( *“■
+ N j (x f  4 -r K +1 f 1 ~ -  aj<J (xhs^~J^/x 4
p  H  c o 4 fy « v  ^  S v w J ^ T ^ v . 4 - ^ 4
;
+ 2Vl n ' V  ^  \ C '* £. x
JU “^
-  iN ( t'~ - cosMry^ t + V.hi I O - 4t -irt (t»S i f  f  ]
+ 2 K % K % (  s ^ lO ^ J '31 A U ^ . f  Lx^ i:fJ'  -  V CX|> -Nf ^ 1
/ 4 W
+ 2 ^ ^ C c o s ( 0 . 7 . h . ^ ^ ( ^ . + t o r t ) V tJ  k  ^
e x p ( N J0 (  w-C4^0 4 V ^ t 4- € 4 ^  K ^ '3 (sO JLx^4 (i^L.C f7--xw ^i^pQy
J0 (slnh7 « + C0 ^ 1) 4dt + 2 ^  *  (cosh 2 )A  + l  ^  (s 4 4 i£ , + ^ iXY^jUrJ J c (X [
,(7 .2 7 )
Consider now the solution, Dp , for the case of the incident plane wave 
In the same manner as equation (7.3) was obtained, we get
D.
T-T.
where
— N c«S (1Sp = e ' I Up
However, from equation (4 .3 0 ),
g r  =
and so
Therefore 
D
rlK
**3 3 q
■s <40
= l X  aVv x 1'1- ''*■ (cos.i^ .V  <lnc~ ,>Lr -  ^
and hence it follows from equation (7.27) that
,.-V3
A, rJ 7,b Z * e*|>  CxX+x ) ~  _ ( t Z ' + c j o ? ’ t)S U : |  (Rz.
+ 4N
/'■iv
f-VJ
11- i V
° r  <  ^—
exp 1 N (z x + i ) /l-S -  N I 1 (zx + cosxt )Vv
L* C <r.
dt dz
+ 4N '/3 (sinh 2 )Vi (sinh"^0 )H exp n! ( c o s k ^ ’4- _  rJ ( T
/ ■ " .  / u ( * o
Re r -  C ,X p  ( . e o k L l ^
(slnh1" ^  + cos*-!) S it j  dK 1 , (7 .28)
For the case of the circular cylinder, with the source situated at a
distance ry = 1 + R, s'~ 3 from the cylinder, equation (7.26) reduces 
to
• ts
'k ,
^  \  x " ( x ? + ^ y *  o c F( a 50  m  ( x v ^ e u
O
+ 4 exp TT")
e x p f t ^ y ^ x -  K s‘/j] 4 ) c] , (7.29)
where
t ' K x. cos ’3 ( .T ^ r V j
Sim ilarly, for r r  > 1 + Q (s~^), equation (7.27) yields
2 vVi_ ct:
3 X = e
•A „t, ' X/
D * -v a  K jj (  s '- f l  +  x tYV ex-p [ -  (s "  r y  + tO-)'4’ -  (  x . CUSH ( - ^ 4 )  4  t  -X. k. 1 ^ ,
+
2Tl* k ~v> s"'4  
“ ( r :  - 1 ) ’' * exp  R  S I  ]  i u f  ( s r.
+ e
- i  73 -y.i  H s'> e v 'iy ] W
9 ^ "Vj. _ X‘r*j 2 k  x e
+ 2% ^
+ e o. K. S 3
’’ I  (s ’- r s1 + -,e')t,'e x p  - ( s V s‘-+ x ^ - (x c o S H( - ~ - ) +  ( x |  J ^ x 
' " e x p D X V - ^ - s l ]  ^  £  A U tC e ^ i) ^ SCC°  ^
v (7.30)
F ina lly , the plane wave solution given by equation (7.28) becomes
M  ('k')D *  ~  4 - s  +  x /s s ,J f e  f tttpUC , (7.31)
p "  ”  ’ ~  * 1 A C ( l t e ^ )
in agreement with W aechter, ( I ) ,  who has shown that the integral in 
equation (7.31) is easily reducible to a form defined by Beckmann and 
Franz, (13), so that
Dp* ~  y s +  'I S A ,  , ( 7 .3 2 )
where
A, = 1* 437.
I t  is perhaps worth noting here that although it was not found possible 
to simplify equation (7.28) any further for general cases of the e llip se , 
some sim plification was found possible for e llipses w ith small 
eccentric ities.
In these cases h becomes small and ^  0 large so that, assuming 
that h satisfies
h =■ 0
then
and
sinh7 0 >  o (s y
cosh *5 >  o ( i )
(The radius of curvature, )( , of the ellipse now satisfies
x  i  • c ( k  4
and
^  -  o M .
everywhere on its surface.)
Thus, equation (7.28) becomes
( ' ! ) !
+ 4s
+ 4 N /5 (s lnh2^o)V!(sinh^0) 1 Re j  ^  5  ^
o (s U'!|) + 4s f  ( V  + \  ' f  f  -
k s ^
4s ( e^xj> [ 4  (>v+ ^  T  x  — ( x ^ + ^ to s ’i^ V A tJ  Am
+ 2Wj 3'^ A, NV* (s ln h 2 ^ )V3 ( s ln h p '’
, k  •-!
. ■ 4s ( -C/Xt) 0 ( k ) j  i-(-s ( j^/yt) t s . O ( 0 ] j U c
k s ^  # V
+ . 2** 3~'U A j N ^ C s i n h ^ ^ f 3 ( s in h ^ f 1 
4N sinh"^o + 2^3 3 A, N /3(sinh 2 (sinh )H + o ( 1)
f  x
j  (-X?+ 4^ (^s^fclS&j ctx
A P P E N D I X A 1
Substituting
N x = 4q and N x (bx -  \) = A £  =- 
in the d ifferentia l equation
u" + N 2* (b2* -  cos^fj )u O , 
gives rise to the equation
u " + ( A -  2q cos 2 (j )u = O 
Thus we may write
A (V  , i N x) =  N x (bx -  2) , (A l . l )
and so
v> -S V  (b) , (A1 . 2)
and
b = b (v )  # (A1.3)
However, from M eixner and Schafke, (2), p. 110,
A ( v’ / q ) =  A ( 7  , q  )
and so, for N real
X ( v > , iN ' - )  = A (\> , 5N1) , (A1.4)
and thus it follows from equations (A l . l )  and (A1.4) that
A ( v, -An1) = Nx(b1- - i )
=  N l ( a l  -  I)
Therefore, the use of equations (A1.2) and (A1.3) gives
1 =  V (b ) , (A1.5)
and
b* = b (v  ) , ( A l .6)
For the next part of the work it is found more convenient to use the 
notation of Meixner and Schafke, (2).
From (2), p. 178,
^ , ( 0 , ^ )  M '-iV .U A  = Z  H f  , (Al. 7)
where
j = 1 , 2 , 3 , 4
and
h * = q = i N 1-
[jNTote that we have already used the symbol h to denote a dimensional 
factor, however, no ambiguity w ill arise since we shall not be referring 
to the original symbol in th is append ix.]
(z ; h) 3 (z ,q ) in our previous notation , (A l. 8)
and
B (x) = Jv (x) ; (x) = Y v (x) ; B^'W fcc) = H (x)
*v£v(0 , h*) and c^.(ht) are both defined in M eixner and Schafke, (2) ,
Chapter 2, but their particular forms are of no consequence to us.
Taking complex conjugates of equation (AT. 7) yields
K Cv ^ 1k')= Z  (~,)V c « ( ^  , (A.1.9 )
but, for h rea l, it  follows from (2), p. 114, that
^ C v C o ^ U 2-) = 
and from (2) ,  p. 115, that
= c j  (k .‘ )
a lso ,
J . (2hcoshz) = J _ (2hcoshz)
and so equation (A1.9) becomes
=--------------——-  f ,  (rOr c l (  ( i t )  J T+ (o k c ^ U X .)
= M (z  , h )
M (* ( ^ + i f , h )  = M | ( ^ - v | , h )  , .  (A.1 . 10)
however, from Meixner and Schafke, (2), p. 170,
M ^  (z -  i *  , h ) = e~txV
and so
thus equation (A.1.10) yields
M v h ) = . ( A l . l l )
S im ilarly, it also follows from equation (A1.7) that
     \ 00   :_________
 ( n T^\ ^  ^  c ar M
) r  = -%©
but
m —— ——  (i\
H (2hcoshz) = H „  (2hcoshz)v+V V-4-f
and hence
  } 09 (£
-  z .7 ; io , .u x) C~ (V )
m
= M ^  (z , h)
Thus
M v (T ^ , h )  = , (A1 . 12)
but from (2) ,  p. 170 ,
M  ^  (z -  ix  , h ) = - e K%<> M ^  (&;h)
and so equation (A1.12) becomes
M ® q + i | , h )  = - e 1* 7 M ®  ( ^  + t *  , h ) , (fcl.13)
Therefore, in terms of our original notation, it follows from equations 
(Al .11) and (A 1.13), respectively, that
v q + i S  , b(-v>), N) = e - i * ^ v ^ Cs
and
vw (^ + 0 |  , b ( « ) ,  N) = V " '(^ + C S  , b ( v M )
thus, using equations (A.1.5 ) and (A l. 6) ,
v q + l f  , b , N) = v ( j + C f  ^  ^
and
7 a(^ + C f  , b , N) = - e U 7  v mC ^+C f ,1 ,14 )
, (A.1.14) 
, (A1.15)
A P P E N D I X  A 2
/ T^/ \ /X/ \
We now evaluate " s (x/  ) f° r ^ ^  t i^e *nterva* ( O ^ is ^ ) .
Since c (f |)  and s(<|) may be defined by
( <| /  q ) = x , (b) c(if|)
and
Sev ( <| / q ) = x r (b) s (^ )
where N 1- = 4q, A (7 ) = N i (b:L -  | )  and o 2_v (<| , q ) and 
Sev (<| , q ) are, respectively, even and odd solutions of M athieuis '
equation, and are defined in Meixner and Schafke, (2), it follows '
that
c(X/3.) s(*/>.) = c^(x\ , q ) _ sg-y (n / q )
c '(V j s '^ /J  ' S ) s e i(< [ # q )
However, Meixner and Schafke, (2), p. 130, have defined functions 
C<* (z ; q) and Sev (z ; q) by
, (A2.1)
and
C e0 (z ; q) = c g , ( ± l z , , q )
Sc.v (z ; q) = - i  sev (iz , q)
thus equation (A2.1) becomes
c(^t) _ s (r&) _ f  _  S e .y C T v Q
0 - f  >*0 -
c '(^ ) =  - 1
S'(K/J L
Also, from (2), p. 212,
(A2
K ' O C o , ^  w
and
Cc. v (z ; q) oc < ( M ) -  i l v ' C 0 , ^  ^
^ ’( 0 , 0
therefore equation (A2.2) yields
M « W ) -  M y W X T t ’ i )c fo )
c T / i )
s f f l = - i
+ i
S ( ^  L  ( o , ^
M y O l i Q . H P t O i p  -
I [ H y  ( 0 >p n f  (o,<Q- 
~ [ < ( ‘ U K v( o , i ) '  m ;  7 c ,p
_ —
where we have used (2), p. 171, and the identity
Now Sharpies, (7), has given asymptotic expansions of fdy (i^ o u ^ A  Hv^CVt) 
valid  for |p | > —• . A lso, in Chapter V II ,  it has been shown that
the approximation ^  #  N^Cb* -  J) is valid  when b lies  in the 
interval (O, is~V3), and hence, in this in terval, |>>|^ ^  , and
thus Sharpies' expansions may be used.
Therefore,
M «  (z ,
and V , (A2.4)
M  (y (z , q) ~  M  ( v * ^ )
where
2 . J *Vi Ik f  r ~ r ~V (ft 1 = e CK I ' ( v L- ^ c o s L a x ) VA x  , (A2.5)
and so, it follows that for z close to zero 
Ml,y  (z , q) „
and V , (A.2. 6)
m “ ' (z , q) ~  ^ ‘lb (p''h
whereas, for z near 1 -  , (f) Is small so that
m 1 ( z , q) a, -  ^  ^  (f)-1 ( V _  AX ( ^ * 0 )
and V  ,<A2.7)
M ? *'V (z , q) -o -  i) 'Vl l^ '1 ^ !)
Consider now 
2 f 1'
3 ' v  r  o say
= €
d  c ^ s lv *  —
H
CosU. b
r C oS
= N(bx -  #  ( [
c T^ b
c-o s U. Tx. j *4.
14  T o 7 “ J
N (bx -  i )"1
S c _ U  3 -X  S 4- x .
, 3 sinh 2x sinh 6 z
128(1 -  2 f t  384(1 -  2b* ? +
K
H -C i-xb1) i t O ' U ' y
CosA-4 b
However,
and so
cosh' 1 b = I  -  - i b + o ( b 3)2
sinh £ 2n(cosh~1 b )] = 0 (b)
thus
2 . A  — \ = N (bx -  i ) ' 5 0 - ( b ( v u 2y 4- _
and hence
arg
therefore
arg ( (j>o ) «  ~
Thus
O W ' ^
Ai (
« ' (  ^ i > 0 ) „
l x " 1
o ( 0
At( vv* i o  ^ /z ) ~  )
and
Ai'( <£, ' ,/fc£ V 2-  y
Ox"*
and so it follows from equations (A2.4) and (A2.6) that
M  ^  ( 0 , q) ~  ^
M ( 0 , q) ^  T /x X ^  V £*J> ( f  7 ^ /l)
' ( O , q) ^  €x>i >M (l)1v 
and
a* -WM  v,
Similarly
f v A
*/i
f t say
z - l l
= e t*. C 7*-- cos C. Ax
e cT N (  bX— co S '>0
CoSiy b
N_
2
a 1
y'^Cb1- -  1 -  y) 4 (bx -  y) 4 dy
f  (bx - i f " y'^fc2- -  y) 4 dy
= N b x (b1 -  i f '4- -  H-
but
(Re b) = O and 0 4  X i ^ b  4 s"Vj
and so
thus
M r .  ■ < o m
$  0 (s -v- )
and hence
Al( vVl <f>.K « T ^ /J ) ~  _ L I ) L  ^  Al ( O* Sis.) ■ (A2 • 10)
1 i x  Z 'h
Therefore, it  follows from equations (A.2. 7), (A2.9) and (A2.10) that
, (A 2 .l l )
~  M  * ( i s  , q)
and so, using equations (A2.8) and (A2.11), equation (A2.3) gives
c (”* •) . _ s(*A) M  M
c ' f h )  s ' F Q
/X/
rsj
[ ( ' I ) ! ] 1 -  1 ? ^ ]
However,
, (A.2.1 2 )
c
I -v C '1 «  e u  a !
'castfb
l~ o
= e 4*  N ^  (br -  coshxx)k dx + e4*  N j (bx -  cosh1 x )7* dx 
cos^'b ■ ^  .
S> (/>.* 4  Ih l  (
*■ On
and hence, using equation (A2.9)
|  7 4^ & f 1 (b1' - o 0svtS vA t +  \2L
VJ o
Therefore, for b in the interval (O, i s "2'3 ) ,  equation (A.2.12) yields
c f* - )  s(*A) e '? Z . f 3 M  O '5
c'pvo " s '(*/J  ~  r, „ ~ 7” IT  , (A2.13
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IN T R O D U C T IO N
The problem considered is the laminar flow of an 
incompressible, viscous, e lectrica lly  conducting flu id  driven through 
an insulating circular cylinder by a slowly oscillating pressure 
gradient, there being a uniform magnetic f ie ld , H 0 , applied 
perpendicular to the cylinder.
The case when the flow is through a cylinder of rectangular 
cross-section has been examined by Abu-Sitta (1). Roberts (2),
Gold (3), and Waechter (4), (5) have considered the circular cylinder 
problem for a steady pressure gradient, and when the oscillations die 
out and the pressure gradient becomes steady, the various results  
derived in this'paper are shown to converge to the respective values 
given in (2), (3), (4) and (5).
In Chapter I ,  it is shown that, provided the magnetic Prandtl 
number (the ratio of theTnagnetic Reynolds number to the Reynolds 
number) is taken to be un ity , the basic equations of magnetohydro- 
dynamics may be reduced to two Helmholtz type equations, and exact 
solutions of the magnetic fie ld  and the fluid velocity  fie ld  are thereby 
obtained in the form of in fin ite series. (It was not found possible to 
obtain solutions for general values of the magnetic Prandtl number.)
However, as was the case in Part 1 of this thes is , for large 
Hartmann number, M , these series become too slowly convergent 
to be of any practical use, thus more rapidly convergent solutions are 
obtained in Chapters I I ,  I I I  and IV. As expected, ShercNff (6) ,  these 
solutions take on a boundary layer form with a 'mainstream' or 'core' 
surrounded by a thin boundary layer, the 'Hartmann la y e r ', at the w alls  
of the cylinder. Certain problems arise at the 'tangential regions'
( i .e .  the points on the cylinder w a ll to which the applied magnetic
fie ld  is tangential) and these regions have to be considered 
separately.
In Chapter V ; the mean flow rate of the flu id  through the 
cylinder is obtained. Once again it is possible to obtain a solution 
in exact form as an in fin ite  series, but as before, the series
-7/L
converges very slow ly, so an asymptotic expansion up to O (M ) 
is obtained.
Fig. (t)
It  is assumed that the magnitude of the pressure gradient, Vp , is 
given by
= -ks> p cos \A t
where
■*r < o ( s )
\> b. kinematic viscosity  
p h flu id density 
S -- | M  
k B constant
and
t  = time
I .  Basic equations and formal solution.
The motion of an incompressible e lec trica lly  conducting 
viscous flu id under an imposed magnetic fie ld  is governed by the 
equations:
I a H = 4 ^ j  , ( 1 . 1)
I  A E "  r r  , ( 1 . 2 )A ' St
V. H = O , (1.3)
j =  r ( E  + ^ v V  H ) -  , (1.4)
V. v = O , (1 .5)
and
SDL + ( v. V ) v = ' 1  V p +  v V "  v +  H , ( 1 . 6 )
where E , j  and 11 are the electric fie ld  strength, current density 
and magnetic fie ld  strength^respectively, and t ,  v , p , p , <r, ^  and 
V denote tim e, flu id ve loc ity , flu id density, flu id pressure, e lectrica l 
conductivity, magnetic permeability and kinematic viscosity respectively,
From equations (1 .1) and (1 .4 ),
V Ft = 4 <P (E + a.v V H )
A / A ,
hence,
thus, using equation (1.2) ,
1. e.
- V ^ H  = 4 ^ r ( i A( v A a )  -  )
= 4 XC~y  ^
-  47ccry^
v (V. H ) -  H (V. v ) + (H . V) v -  (v . V) H -
(H . V ) v -  (v . V) H -
<}t
(using equations (1.3) and (1 .5))
, (1 .7)
From equations (1 .1) and (1 .6 ),
C'V
~5t
+ (v . V) v = -  V P  + O  V" v + -5^ -  (V H )
— —  — p  —  — 4 t c p  ~ a
H
-  V p  +  v  V l v  + (H - Z )  M -  1  V ( H x) , (1 . 8)
Hence, taking v = ( G , O , v z (x , y , t )) and
H  r  (H o , 0 , H  ( x , y , t ) ) ,  we get from equation (1.7)
-  V 3- H r = 4 'k c t ^  (H d x , (1 .9)
and from equation (1 . 8) ,
d vz _ -  J dp
cK^ t
, + O V 1 v_ + ^  . 4 - ^
p  dz z 4 k  p dx
Hence, taking = -  k  \> f> cos ujt gives
c>0 v.
^ t = k*v c o s to t + v V3" v t  +
/ a H
4 x r  '
O & H-: , (1 . 10)
Thus, taking vr  = ^ e (V e  ) and = 4 k ( (T->) ^ f * R e  
we get from equation (1.9)
V * k  + M , (1 .11)
and from equation (1 . 10),
V l V + M  — ■ + k = C w  , (1 . 12)a x
1 / ( ^  \ ,Zwhere M , the Hartmann number, is ^ \ K 0 /
£  = , and ^  , the magnetic Prandtl number,
is 4 Ky'—(rV / the ratio of the magnetic Reynolds number ( z^ / ^ crV&)
to the Reynolds number (R = 
V^
For sim plicity we take p> = \ .
 ) —  VD is a representative velocity.
Thus, from equation (1 .1 1 ),
V 5- h + M  = L ^ k  , (1 .13)
Hence, using equations (1 .12) and (1 .1 3 ),
c)
T l v +  M + k = C  V , (1.14)
and
V 1 W -  M  ^  - + k = C  w  , (1 .15)
oX
where
v = V + h , ( 1 .1 6 )
and
w = V -  h , ' ( l . l  7)
Thus, using the substitutions
V = ^  +• R, ' , (1.18)
and
w = + Rj_ , (1.19)
we get
V *■ R + M = £ ‘ R, , (1.20)c x
and
V 1 Rl  -  M -£-5*- = J /-R  , (1 .21)c? x J. # v /
_ .i
Hence, substituting R = R into equation (1.20) gives
R - ( s * -+ £ * )  R = O
where s = Jm > and assuming R to be of the form <*-,(r) < ^ ( 6 ) 
leads to
r 2- <  (r ) + r ©cf ( r ) -  £   ^ + r *- ( s^ + i*-)] (v") -  O
and
« "  (B) + ^  a L(&) = O.
Thus R may be expressed in the form
oo
i . e .
R ,  =  e, r i c ^ e  f  A n I k -  , (1 . 22 )n—/>a
Sim ilarly, the substitution Rx = R* into equation (1.21) leads
to the solution
^ = e r i ^ e Z  , (1.23)R
where and B  ^ are constants.A *\
However, on the w a ll of the cylinder, 
H j  = Vz = O ^
i .e .
v = w -  O r , (1.24)
i .e .  \
r , = R,, = —  't  e
Thus, applying this boundary condition to equation (1.22) gives
= ^ C o S ®  |  ^
V
i .  e.
Z  l \  „  X .  j > *  ^ v )  “ v . - 6  = ± .  e s s e
-k
c>o
Z. — «-0
H ence,
-k  x  c a
A k =
Therefore,
r  - k  - « c o s . e  t  n
R. = ~~L^ /   F“------- —  CoiVvG
Sim ilarly, the application of the boundary condition (1.24) to equation 
(1.23) gives
t>0
1
i . e .
= £  & . L [ ( s ^ ] c o ^ e
oo
i y
Thus
B = —  (-1 )"
Therefore,
P -  ±  f n “ i e  T  r 0 -  . f;
R* ■ ^ e  i c o  ' 1
Note from equations (1.25) and (1. 26) that 
R ( (r , 0 )  = R  ^ ( r , K -  0 )
i . e .
R ( (x , y ) = R x ( -  x , y ) ^  , (1.27)
therefore
v (x , y ) = w ( -  x , y )
(1.25)
.26)
However, for large M ( = 2 s ) ,  the series (1.25) and (1.26) converge 
very slow ly, so it is necessary to find a more rapidly convergent form 
of solution.
I I .  Asymptotic solutions  ^ |G^ >  / x
Consider the series
« ( r  , G ; s ) = k G , (2 . 1)
i 4 ^ ^ ]  • Z r  t ^ O ^ A )
Applying Poisson's summation formula,
Y f  (o) + ^  f (i\ ) = |  f  (o)  + I  r (2 ^ n )
where r
F (x ) = 2
gives
(r , G s) = 2
f ( t ) cos x t  d t ,
+ 4 Zo's'y G co S ~K •>' I'F v
r>o
V
= 2 z  - -
>o
= 2 1 -
OO
= I
l  v [ ( - ^ A l
r* T (sVT IV(^*zYM-V  \ ' J-v L vCCiS v 0  Cuos Zh—7sv
x — O T v [ ( ^ e V Z S  
I v ( s ) I , C < ( ^ 3  r v  (e+ a * * - ) ]  a-
T T o F ^ T ”
CSC (r , 6  'j s) , say , (2 . 2)
where
<X^(r , 0  ) s) = 2 T v CO I  y Cv( sV
I v C C s S - ^ ]
■cios
°° T v ( '0  I  v [ f ( ^  ^  ' e
f 00 - i o | e + ^
+ \ ------- --------------------- ,— -  «b
J o  '1- v t ^ ^ l
= I ,  + T z  , say
Now a ll the zeros of T v ^  the left h a lf-p lan e , 
R (v ) < 0  , (see Appendix A l) , therefore
- r  I L ( 0  I v C < s^ ^ ]  N - |e + i« 4  .! „ I  c  d%>
I v  f (s N
+
^   ^ ( 2 _ 4 )
and
4" , , , (2 .5)
I .  [ ! . V  * . '• ) • '• ]  c U
where the contours C , and C 1 , at in fin ity , are shown in Fig. (ii).
However, provided |0 t2 L ^ ^ |> £  , the contributions from C , and 
C  ^ are negligible (see Appendix A 2), therefore
'Oft
°< T jy ,e  ,V )  - i
"  ’ J e  ^ . ( 2 . 6)
provided l e + i ^ v
Hence taking 0 as lying in the physical plane - K  & <, k  , we 
find from equation (2 . 6) that the main contribution to o<.(r, G '} s)

• /- (e l
d u
comes from (r , 9 \ s ) 
i . e .  so*
©c (r , 9 j s ) ss t \ U  (  f ,s) e  
where °
 ^ VoW]
(2.7)
T - U * )
T ^ O ^ J
(2 . 8)-  Kr [ f ( M j i x | L
*  i ^ [ ( ^ j
It  may be shown that the main contribution to o£ (r  , £  j s ) comes 
from | < j ' f  (sNri*-^ , (see Appendix A3), hence
oC (r , G '7 S ) rsS L \ vj; C^>^) ^
-  ' t 1' , ' ' ?  , .  , + i ? V < ’'  -  t ^ _ w  I  ,
3T-
Now for
+ i
H  <
g grHSl ^
(2 .9
o
*7
r-
I . (j.) ^
VA^  V  I ~ >!+
C o S
o r
Co s /=
e - r - i  ■/’i . O ’) -  
O '
£oS i ^ c e V ^  J /  , ( 2 . 10)
K ; (z) ^  I 7 t \ V _ 0
K.
"A" 2.
therefore
V s) i _ ^ L o o j  -
X e}®-(s*- + L2 - ^ o t s -  ^  c° s { j / ~ e* <v f  - t { ? - r & + %]
cos ^   ^CS^  ■+ M- J
-  cos ■+ -5. 3
C O S  C o V 1 / “  - O  \
s l^ L f  -v ( s^ ^ " r^  "  kx~ r ^
1 A
K c ^ L ^ f^ c s y - ) ' '*  L'
/ (2.11
Also,
x  (s3- + so-^oys
C O S
C O S ( f e o  - O V C - y O '^  3
*■ m-]
covL /^vx  - I  co <>"* -  2 1&X*  ^ 7 ^  -  / ^ j
and hence, from equations (2 . 11) and (2 . 12) ,
, (2 . 1 2
ly ^ s )
1 . (s*- t - r r 17 V^ -
T ^ ( s )
i O F T F f~*‘V/'-*w
/V/
/V
^ c& U ^ k  - ( sOl_U. cosH l^ s^ : -  i  ( sV J |
g. (  sv+ r - f t f *  5^ ^  ^  ^  e1 / f  - ^  + (.sV ]
I  ( s y V 7*  y  ( \ i  (s V  e y ) * -  -  y  ]
and hence
£>  ^Vl_ -/^ lGlt c '  .1 e '
/v^y
A j
^ t y f ^  [ r ^ / f  - r ^ c ^  •» - f e V ^ J
( fV-vfL L1--^ )  ' L ' vCs^O J
T /^  -  ^ c° sM + ( y ~*t *'-?^ ’'  Cs' - / ^ 1
(V (V +  -  .lyw ^ C i ^ j
(S ^  £'-/*?¥*’ ( r  -a  ^ .O/j. A-
-  e x p  j^  - f ^ c * sM / j  4  ( s " - ^  -v ? y ~ m s " 1 ~
-  f ^ c o s ^ ^ ^ i  +  / - ( * - ( < ) ]  j  ,(2 .1 3 )
-  h j ( ^ / r / s , £ ) | ^ € , .  - C  J  ^ say , (2.14)
h , ( r „ r  , i , i 1) [ ^ ’ (^ ' ’ f ' 1’^ _  es^ ( / ' ,’r ’ l,t')]  , ( 2 . i 5 )= 8*
where
/A . = ^ ,  $ - |
and /  , (2 .16)
1 = i ,  S 3
Thus
jlrfsVs^'H
i f  j .  [ ( - (s v r jM  (~ — |  e 'H ® l ^
J 0 r L J \  x ^ [ ( ^ J  i ^ [ ( s ^ " j  J ^
^ t v ,  ( ^ a ,  JV/ - < r r ^ r K<k^t
= s M i  ^  -  I b ) , say
Clearly both I ^  and I b may be evaluated by Laplace's method 
(Cop. , (7), Ch. V) to give
and
-Lx
X x
where the dashes denote differentiation with respect to yK( > and 
y ^  and are the maxima of g t and g t  respectively.
Now
CCS /*»
( l + i ^g,(/V r  , i , i , ) =  / - v ,  «>'»*/*, -  ( + - y *
-  (1 + £ ,“■ -^ i ) '1
thus
g J (/a,, ^  / 1 / £,) = cos 
and hence yu^ is given by
4
< /-A-t
4 '  + T - >
C O S
Let
-i
and
“4 dcs'A - £ X  -  <^ =(j
= 1  -  coS^ ^
= sin ' 4
a i .  =
7T >-< AVtK
—  — CO t> —t------— rr-
*■ O-'-trj'’-
= sin ' 1 —
0 + V T 1-
a 3 = ^
r(,+^  + I " 1®' & °
, O < - { U ( X { < \  ^
0  < U .  « .s < %
,(2 .1 7 )
,(2 .1 8 )
,(2 .1 9 )
- |6|)
, (2 . 20)
therefore
7V + a ^  -  {©\ = a t + a  ^ , ( 2 . 21)
Also,
9 ( r  ' ’ ,£ , )  = ( X k ^  "  ( u ^ ^ . 4 ' v + ( ^ < 4 * - / ^
and hence
g I' (y^ w f  , I ) ~ ' 1
COSa, ( l+ t} ')1'CoS<X1. C (K i? i Loa%.CKr,
<-~Q S ^ ^ C O S l^  -  Cc-S c<, <co S g.-^  —T ( l  4 ^ v) \ o S o ^  CoS # (2.22)
CoS CV, COS (A^c-osai
S im ilarly,
( u c f C ^ X '1h t ^/^AL7 7  ^ 7 -^1  ^ 7T ^----------------(T
1 A ^
_  /  Co^ccj.
V t lrc r  ooscx., o ?s <xj /
and
g , (y^ V/ r  , t , 1 ,) = -  cos a , -  (1 +^  cos a^ + r (1 + ^ ) ,/x cos a  ^ , (2. 24)
Thus the substitution of equations (2.22) , (2.23) and (2.24) into 
equation (2.18) gives
j (J + l ! -) *
1 a. ^  ‘ -y^
S^I'CoSOv, -+ r Coscv, CX;SC^ -V Co'b^CoSC^J
exp sooscv, -s .O + itV 1'cosa.t + rs (h i^ ^ c -o s x jJ
, (2.23)
i .e .
»/;lt (S X l^ c o S .fv ,.
S x i ^  ~ -----------------------------------------------:— :-------------
{V %  Co S CC, C o  S CCj -V V  ( ^ V  C o S C o S  (V * -  S CoSc^ C o s  cv*.j
expj^scoscv, -  4- v ^ -v i^ C o s o ^ J  ,(2 .2 5 )
Sim ilarly,
-  3 (1 + 1 }  -K ) '4 -  +
and therefore,
gUfA,. c , !,€.,)= - oas-y, *v 2 . * » f4 I ' ,e'
thus is given by
-  cos y^b 4 3> (joSH
Let
b . = -  -  cos" 7 >
sm / - b
b„ = 3
^ (k  ^
. ~i= sm • f ■■ ,/
( H O V
bs = 3  _ c ^ _ v £ ± k
S  , (2.26)
/
then
Also,
= sin~‘ — — -
Zbx = 7 V -|© | 4 V ,+  b.
y
, (2.27)
a -f^-r
therefore
g 2. (^ b, r , I , £J = -—
(1 + t^-y^-)'^ +. ( r H  r 1 t 1; -ft)'**’
3 1
cos b, (1 + ijT*- cos bL r (1 + Zff1- cos b.
r ( l  + lj')'/l'cosb cosb^ - 3 r c o s b t cosb3 + c o s b , cosb^. (l?
r ( l  + £^),/j- cosb , cosb^ cosbs '
S im ilarly,
g JyuV r  , 1 , X ) = cosb, -  3(1 + l^ //v cosb^ + r ( l + i?J)v*' cosb. 
and
, (2.29)
h , ( /^ . f  , I . £,) '2  "*■ + r -  X h  J^d  -  /“-£ )**■
(° 0 s b ’- ) " , (2.30)(2 x  r)Vi-(c o s b s cosbt ) /j-
Thus, substituting equations (2 .2 8 ), (2.29) and (2.30) into equation
(2.19) gives
1. e.
s V i
S +  ^')^'<3e»sbJ.c o s  b j  + S f  co -sb \ cos. b j — C o S  b ( c o & b j
exp !•>•$ (_ I*  -V Cs (^14ili-,)Xoo.s b>4] ^
Q j fS e o S  b , c^-s. b . -  v f j s k s / )  ^ a e s b ^ c o s b *  — S o o * b .  c ® s b j ^
exp £ s Cos b, -  3> (s ^  cos bx +  r  Csu-+ b j  ,(2 .3 1 )
and hence, combining equations (2.25) and (2 .3 1 ), we get from 
equation (2.17)
p K s V t# ! ,  T  M  T  / \  ^
1 1 i -  fV(s‘=n.*v'X .-  X   -   7 —/—i©i ,
j ov u  1 t ^ t i r  x
(s3- + -Q  ^  cos a,
/  ^  fN,   ----------------------------------------------------------------------------- - -- - -------  ■’ ■— —— — ■ ■■ — ■ !■—-!■■! I I —
| js  cos a f cos a& + r(sk- V~) 'vcos a Lcos a3 -  s cos a , cos a^J^ 
exp | j -  . s cos a , -  (sL + c o s a t  + r(si+L2'A cos a*J
 ____________________ (sh  L * ') '1*  cosbt___________________________
^3rs c o s b ( cosb^ -  r(s*- + ^ cosb,_ co s b s -  scosb , c o s b j^ -
exp ^  scosb, -  3(sl  + £‘’)l/lcosb1 + r  (sv + V ' ) ^  c o s b j  , (2 .3 2 )
Similarly, using the asymptotic forms (2 .10), we have 
A x ( ^ v f \
-  j  sCJ^ -x K^ Cf C^ t-^ 3 e ^ ^
(2
,|r(^V i.^
e ^V ^  ' say 
rJrO+tXH
- »'k k ( r t<,i.Ot!9,('‘" ' ,',‘V
J 0
where yk = y^( s and £  = £ ,s
and hence, evaluating this integral by Laplace's method gives 
/(IrCsveV I^
2 ' C ^ [ r ( ^ i 4 l X . - 4 (s) a, g X l&l
s ix
-  95
y  1 , r ,  ' ’ ^ + C f  ' (2> 33)
where the dashes denote differentiation with respect to yLv^  , and 
y<A_e is the maximum of g^ (yuy r  , I ,
g 3 9 ^ '  r  7 * * ^  ~ / ^ \  co-s**1 -p(C v?d1,l ~ ~ A V'^  +
- ^ C O S ^ ,  -  o fth ^
therefore
g ;  (/u „  r  , I ,£.,) = + l ~ \ * \
and hence is given by
cos . - 3 —  -  C o ^  /^c 4  CoS
r ( > i n v  '
Defining Cj- , and by
-f •ie| ^  o
c , = |
,  0 < t c . c , c  %.
= sin r-<
( a . * * ' )
_ -K 
z zC, = rr o+m'
gives
Now
= sin
Q + t ,^
, (2.34)
= sin
^  O < t e  Cj c  ^
a /25; 
r'6 + iV f 1
7S — I B-t + C  = C^_+ C;
-  1g3 (/u ,,r , 1 , 0  frx + ^
thus
g" ( / X . ,  r  , I , £ ,) = r(1 +£)^ c o s c
(2.35)
-=JL
(1 ( l + £ ? - ^ ) ' 4
+
~ cos c t cos Ct. + r(l-f£x),/>- cos c v cos c> -  r cos c , cos c% 
r (1 + 13)1'1 c o sc , c o s c t  co sc j
cosc, (1 + )*■ COS CA
,(2 .3 6 )
Also, 
h 3 (yu*, r  , I , £,) =
and
(2 x r)^ (cos c .5 cos c , )v*-
(cosct. ) , (2.37)
g j ( ^ c, r  , i , .£ ,)=  “ r + ^ )^ c o s c 3 + cosc, -  (1 + 0 Vi cos cx- , (2 .38)
therefore substituting equations (2. 36), (2.37) and (2.38) into equation 
(2 .3 3 ), we get
•Asts(
(1 + £ X),/>f COSCv
Jcosc, coscr -  r (1 + cos c* cos c 3 + r cos c, cos c *J /a 
exp -  rs (1 + ^ f l co sc3 + s c o s c , -  s (l + £ x)Vl'c o s c i
[s c o s c ( cos cx -  r(sv + l 1 )K cos c x cos c3 + rs c o s c , cos c3J /x-
exp J ^ -r(s 1 + 1^’ )'^cos c z + s c o s c , -  (s ^ + ^ /^ co s  c^J , ( 2 . 39)
Thus from equations (2 .9 ), (2.32) and (2 .3 9 ),
Ce>S (X l
oC ( r , B } s) r~ j y /:L
|jrs C o S  0-1 ^O S C K .^  -+rC s N r S ^ G o S ^ c o S a ^  ~ ^ , 00* J
exp |~- scosa, -  (s H ^ )^ c o s a 1 + r ( s H r ) S o s a 3]
 ;________________  (s'+V-)''* cosbt, _____________________
jj3rs cosb, cosbj -  r(s*--f €  )Vx cos b x  cos b3 -  scosb , cosb^J^
exp £ scosb , -  3 (s* + £x cosbr + r(st + l l )’t  cosb5J
, _________________________ _________ (s*-+C )Vtf C O S C v . _______________________________
£s cosc, cos c t  — r (sl‘+^ -*’ )^ cos c j_cos c 3 + rsco sc , c o s C jJ V  
exp r(s1- + E.i )v*-cos c 3 + s c o s c , -  (s^+t1 j'^cos c,.J
W aechter, (4), has shown that for non-oscillatory flow of the flu id  in 
the cylinder,
S ( r , & f s ) ^  — • (1 -  r *  sirf-0 A
(2.40)
and
where
s(2rc o s ^  -  cosoc) 
T ( r , 8 s') = S ( r , x - B  ; s )
fe g .|.2L l^  e X bjs(Ycc<*/?> ^ r c o s G  -
DS C O S  06 ) /j- » ' J
.
y / (2 .4 i)
J
"T CjcS0
T ■ =
/ (2 .42)
1^a .v^  f  C o  s B
L” ° Xs
v and w are defined by equations (1.18) and (1 .1 9 ), and oC ,
are the solutions of the equations
-  (&( + 2 cos ' 1 / is . + -  O
rs
C o S * 1 Z ^ 2- 
^  S
s in "1 A ^  
s ,(2 .4 3 )
& = |  -  cos"
1 < s *) O 4 12) | 4 y
i . e.
= s in "1 r  s
K - l & U / i  = 2
jJNfote that equations (2.41) and (2.42) are consistent with
equations (1 .2 7 ).J
From equations (1 .1 8 ), (1.2 5) and (2 .1 ), we have
v = K 1-
-VS cos6 oC
Hence, ignoring k which is a pressure gradient constant which 
had been removed by W aechter, we wish to- show that
£ -*0
J — ( J -  r 1 vL^-ey1- -  
2s
r  cosO 
*2_s
, (2.44)
s(2r c o ° f ? c o s ^ ) ^
Denoting ®-i by ©-, *  , etc. , we have from equations
(2 .20 ), (2 .2 1 ), (2.26) and (2.27)
a *  = a *  = b *  = b *  , 
a *  = b,*
= sin a *  = r s in a *
, (2.45)
and
2a *  = k — (e\ + cx£ 
Hence,  from equations (2 .4 3 ),
a *  = ol and a? = &,   - j  r
Also, from equations (2.34) and (2 .3 5 ),
c *  = c *
*AV s in e *  = r sin c3*
and
Thus
* = X -  |e\
, (2 .46) 
, (2 .47)
, (2 .48) 
, (2 .49)
«*. ( r , 6 s )
t  s. O
exp ( -  rs cos a *  ) 
exp (rs cos B ) ,
as one would expect from equation (2 .44 ). However, an application  
of L 'H bpital's  rule to the left-hand side of equation (2.44) y ields
v = -  J- t- TSC»s-6 X>9- [h
Differentiating equation (2. 21) w ith respect to £ gives
1 s 1 1 ^ ^  1
1-  ^ ,/j- *£ T j _
0 + ^
v- i t LCU£^J
and hence
i (c o s a * -  rcos
^ '<>£ /  s l  (cosa,* -  2rcosa^
aj*_± 
* )
sin a,* ' (cos a *  -  rc o s a s* ) 
s% (c o s a * -  2rc o s a 3* ) , (2 .50)
Similarly, the differentiation of equations (2.27) and (2.35) leads 
to
( J- = 
t^o U  J
sin a *  (c o s a * -  3 rc o s a a*  ) f  
sr (co s a*  -  2 rc o s a *  )
and
i+o u  - s r ;
sin c,*
s*- cos c,* (c o sc * + rco sc j*)
Also,
c)cL,
o  fof-
.
r\ c*
and hence 
c- , 0 v 1 a t /
1 / - 
/ * 1\VLU — o
(  I  _ ^ £ l)  
v £  :* b t /
sin a,* (c o s a *  -  r  cosag* ) 
sl c o s a *  (c o s a*  - 2 r c o s a *  )
Similarly,
r s in a ;
S_-*o \£- ' d i . l  s1 c o s a *  (
,* cos a£
co s a* -  2rcosaj* )
sin a *J« Y  ' ^
s l  (cos a *  -  2rcos a,* )
j \  /  ( \  s in a t*  (c o s a * -  S rc o s a / )
£_* v”E "^e") s1 c o s a *  (c o s a * - 2r c o s a *  )
- r s i n a *  cosa>*
s lc o s a *  (c o s a *  -  2 r c o s a *  )
( - L . a u  
t - , o V t  di-J
— ■
£-*o  
-  sin a,*
s '- (c o sa * - 2 r c o s a *  )
(  -L 
V i
■*
£.■* o . L 'd £.
, (2.51) 
, (2.52)
( l . S S )
3 c , \  _ sine,* (cosc,* + rcosca* ) A
and
% • ) =
S C O S ' - C
r sin c *  cos Cj 
S^COS* c *
sm c,* 
s3- cos c ,* J
Hence, differentiating equation (2.40) ,  we get
j f  I d > K . \  (cosa.* r
(2rcosa3* -  c o s a *  ),/j- exp jjrscosa^ -  2 s cos a • ]
/I v ( ~  scosa , -  (s^+cY^cosa^ + r(s1 + £a-)'4 cos a* -  scosb, 
SL-^ o L c ^  V
+ 3 (s^h- cos -  r (si + ^ J ^ c o s b im V 1 + 0 (s* ')
t-+ exp | -  rs cos c * J
 ^ p *
> T l 4-SCosC,
£ .-= > o  \  L < *c l COS C-J.
tx l  + o(s ) , (2 .54)
i —-f r -  s c o s a i ~ (s1'+ l1)^ cos a t + r ( s L + V ' f ‘ - cos a j -  scosb,
l - o  >- 1 **• 0
+ 3 (sv + J4- cosb,. -  r(sx + S.'L ) >h- cosb3 ) /•
= ^ - o  {  H & t £ '  -  toSCVi +
rl
+  7~ L ~ cZ < ?rx -  r (> N -L xr*- 4- s r«Ut>( s V ^
+ (S.UV■)''
1- ___ ---------------CoS t>3
($v -V l P ) *•
= s sin a *  X k  f 1 -Y ^ b L  +  h i .  -  k i  -+ 2 k  _  3, Ik ,+  2kYI
t - o  I  £ V S t  'JiS. 'J i  9 J. /J
2
+ — c o s a *  (using equations (2.45))
= -7  c o s a *  , (2 . 55)s
(using equations (2 .53 )).
Also,
v  ^ j j r ( s i +tr)v,'cosC j + s c o s c / -  (sa- + l r f x co sczJ^
= (  -L f  Z j f  CxdSCj + -  S
v i L  3 1  d i
-  — - — y- c o s c ,.  4  ( * x4 t*Y L i / k  -r if t - j
(sV lO*- 3 l  J /
= s sin c *  ^  (  ±  ^  -  £  te *c ?  -  ±
(using equations (2.48))
= ~  c o s c *  -  i -  c o s c *  , (2.56)
5  S
(using equations (2.53)) . 
Therefore, substituting equations (2.55) and (2.56) into equation 
(2. 54), we get
x k  ( I  - k )  ~ 2 (cosa* ? ' r <-SCefte* -OscoSc/l
L^ o  V 1 /  s(2r c o s a *  -  c o s a *  ^  ^ L *  ■ J
-  ^  (rcos c3*  + c o s c * )  exp £ - r s  cos c £ J
and hence
/Cj^v v  - - “ - ( r c o s c *  + c o s c ? )  exp [  -rs  cos c,* - r s c o s G l  
£h»o 2s L 3 J
(cosa *  f4  r
7 T 2 7 c o s a *  - c o s a * A  e X P L rSC O Sa* ~ 2s cos a *  -  rs cos 9 j
thus, using equations (2 .4 7 ), (2.48) and (2.49)
i '  -  V  CoS k ' I , , .v = -----------------------+   (  \ -  Y
£.-=•> o "^s
(COS*)*4 r  „ /O
“ s (2 exp L rscosf  “ 2scos*  -  rs cos GJ
as required (equations (2 .44 )).
/
I l l ,  Asymptotic solutions \o \  <
From equation (2 .3 ),
r  / 6 s) =
■- I „(.0  u le + tevJl
I  Iy .O ^ fc '-V 4-]
+ _ ^ | g +axt~|
i r s ^ r e ^
and hence
at (r , G s) ~  <*0 (r , B s)
w [e (
-ciu~*(e|
\ + V
J s
1 f
+ + 1
'  ^
and B, are
+ I  i v
1 c  [ ( s V
(where S ■ , Sv , B t    ^  shown in Fig (iii)) .
S , and S x are the paths of steepest descent passing through 
the respective saddle points and v«. ± C:sUvv.l®\)
and have arguments of ±  i [£\ at in fin ity . It  is not d ifficu lt 
to show that the contributions from the arcs B , and Bx at 
in fin ity  are negligible (see Appendix 2 ), and that the nett effect 
of the line integrals may be ignored also.
Therefore,
f  i v W U f t ,
~  J s ■
l
2-
= A , + A x , say , ( 3 . 2 )
However,
I y ^  ^  "  v* * -"] '■ / (3 * 3) 
and so
Iy (s ) I .  [r  (s ‘ + 1 ^ ]- (sH iN -v -V ^  c , , vA
~  ( 5 v t v « f  ^  1
-  V  UT’ -V - t - ' v 0 ) —  V S v ~ U  v(sVt*'V/l' l
~ (sv+£*+t?*) *■ + v sinh^  £si.^ "j
H ence,
, (3 .4)
A ,
s
y / w  o v a , e
<U, , (3 .5)
where
V = V ( s 
L = L, s
( 2 xyi (s^v")'/'t ( fl s V ‘ i ‘ + o')'1"’
and
( ? , r  , s , £ ) = A -v v ’A  ^  r ’-L*' + ^
-  V sinh ~ s^V+ £-i'-tv'J) ■+■ -v s ^ U  [  ** L^  ' (3 • )^
Thus
( v ,  , f , \ , £ . , )  = — sAtr1 v, -  w i ^  t  rCuifY'*-] *  ^ ^ L q  + ^ V^]* ^
and so g ' ( v^, r  # I # 1, ) = O yields
-  sinh-1 ^  [  7 ~ t ' o T S r i  4 ' 1&l " °
Therefore, defining d, , d x and d , by 
d , = sinh~* -0^
and
we get'
d x = sinh
d , = sinh
f e i , (3 .8)
VJL
d , + d 3 = d x + i-(6t
Also,
' -  1*3 ( , 1 , £-,)
, (3 .9)
(Vv+ - r ^  + v ^ v* 0 +
CcsU.A-I ■f(^i+LfV1'cc&WA-j (j +1^Yl  CosU
i" tc<>u c^ , ccsU-Aj — < 0  + % ossUAx c^sUA^ — cosUA^costd^
,(3.10)
V !4- c-osU^(.x cosUMi
(.U S ,? -+ v7 )V,f___________
l ± K f '  ( I + t f Y *  (  <•’•+ + V ,jf*
Vv  (coshd j________
(2-* t')'v (coshd( coshdj)’'5-
, (3.11)
and
t\Vi.
f  / 1 ' U ) = 4 A -vC 1' C + ^ a ')1 -  C '-V' L^ VrtN)
= coshd, + r ( l + ^ ) ,/x coshd j -  ( I  +£^)'/ t coshdi  , (3,12)
Hence, applying the method of steepest descent to the integral in 
equation (3.5) gives
m  n l  “ ■ 1 '  I TT II n  in ■ -
C.1 Xco sk cU Coskdj +■ C os»kcC  ( ooskcU — f*c o s k ^ ,  Co^k J
e x p  ^  S [^ tc s s k ^ ,  -V- f  (v -J rl^ >) ^  C O s U d j  -  ( _ \ *  t ^ /l_ C o S L c ^ i/]^ -
 _____________ {sx+ i x)v,h C . A  ___________________
.*) y f  (s*~-V C-o % k d x  C o s tv C ^  -*' S. C t iS k d ,  C o ^ k c ( . x  *— >TS C o s k c ^ - I < U = > s k c U ^
exp S^ Coskjci, -V C (>X-+ CosUdj —(skt l?^ )^  CO^kc^^ / (3.13)
Sim ilarly,
(s N 'la‘Vtf c-osk-e^
^ V '(s x4 *" d o s k e x U  4- S C o s k t ,  C o ^ k c ^  — fS  C -o S ike ., C o S k e .jJ
exp s cosh e, + r(sx + E1 )/x cosh e 3 -  (sv + 1*’)*' cosh e
■J
,(3 .1 4 )
where
e , = sinh v £
e x = sinh'
e 3 = sinh
0 +£.v>>£
, (3.15)
r((+ £ tV
and
, (3.16)e x = e, f  e* + l \ o \
Therefore, from equations (3.2) ,  (3.13) and (3.14)
(S*--H^v  oosUd,.
OC ( f  , 0  • s) ✓V'  p------------------------------ -------------------------------------------------- -------
•1. L_ C  ^CoskAj. C©sUA.j -V S CoskA, Cx»skAx — CosU^, CosUitjJ
exp s cosh d, + r(sx + l A  coshd3 -  (sx + Lxj'x coshdx j
________  (s £vV/tf cosUcj.__________________________________ _
i j j r  l^Y1, cos.Wex cos.kei -f s iLosUe, coskex — rs cosLe, cosLe.* 
exp‘ £s cosh e, + r(sv + £ A  cosh e3 -  (sx +l^J^cosh e xJ ,(3 .1 7 )
Denoting
t = o
by d* , etc. , we have from equations (3 .8 ),
(3 .9 ), (3 .15) and (3.16) 
d* = d*
V^* = sinh d* = r  sinh d*
d* = M©|
\>e*  = sinh e* = f  sinh e*
and
Thus
e? = -L le(
, (3 .18) 
, (3.19) 
, (3.20)
, (3.21)
ot ( r  , 8 ■, s) ^  1  t-xrf 4 [ ’f s t o iW e ' j
l - . Q
= exp ( rs cos 6 ) 
as expecte'd from equation (2.44) .
D ifferentiating equation (3. 9) with respect to £. gives
. - - i lk : , . , .  A l  
(1 +v'JT7r jx -
and hence,
r\a
f ( l
■tu.fi 3*Y=
_ s in h d * [  co sh d * - r c o s h d ,* ]
sx co s h d f
Sim ilarly, the differentiation of equation (3.16) leads to
JU. I JL s A L c *  _ v c « s U e jJ
t ^ U  S e j =  s ' - i U *
Also,
3 d , O' .
\ + C
77 —
( u c Y
(3.22)
(3 .23)
and hence
X i w - f ----------( L MiA
Sim ilarly,
t r »  ^ t  w
J i L k ^  (^CoskcCf "  "T CoS.k (^
S1- cx>sUu A *
— r S\k-kdl ,* Oo$>kct*
51'CcS>k1' d *
A
S Co<» k  (A*
f i _ £ ^  = ^ C c . r  0 * W t ? - r « » s W t ? ]
* - -»«V 1 7 5 £ ;
(3.24)
CcsU  ^g_( 
.^vvA^ c \
X<v^ /  i k t  \  = -  v  W v k t *  o a s k e ^
£_-^  cA  1 ^  r-2- , ,  i l '  ,. *
and
( T  ^ )  -  : - T T -  - Ji-=»C ^ ^ SX C o s U t ,  J
Hence, differentiating equation (3.17) ,  we get
- U ^  (  -L % f ) -  ~  l e x ^ ' f S t o s k , ) . * )
S_-^> C ^
X X iw v f  -  A  (  sec .sk .A j -v r ( s k A Lco s k d  * - ( & + A A s k A  * ] ]  [A O C s -0 ]  
lr»0 v. t  ^1. L J
+ y  Cx^> ('TS c d ^UC j )
1 ^ j ^ s c o s k e ,  i W 1 c o s k t ^ - ( ^ s V r f /a' c o s k e J j | ^ + ^ ^ s \ ]
<\j
2 *. ( t r  . . . r tc \ . » w ____. I J . v' z’ d\>-. .  v i J 0<AX
1 <?£X Xuiw S£^o t
^  f  A  A e V '* -  + ’r ( iv e ^ i 4^ t v£(1 M i
-  —-  n- ooS-kck -  l i i - V l  4_)Ct> CKS ^
( s M f  2>e J i r
+ t  A 0 1  + f c f — U £ l  + < - ( ^ ^ u e ^
(S ^ Cxp Ofscoslve* )
and hence, using equations (3.24) ,  (3.18) ,  (3. 19), (3. 20) and (3.21)
*  . . *
f e ( r l r ) -
+ 1  (  ^ -s.bf_L _  ^ ( < *  ^ s L e  ^
= -L ^ f t o s G  -  (_i -  y 1- J  e
rs cos©
W aechter, (4), has shown that for non-oscillatory flow of the flu id  
in the cylinder,
£  (r , & \ s) ~  (1 -  r x sin^S )Vt  ^ o 4 |© U  |
where $ ( r ,  0  ^ s) is defined by equation (2.42) .
However,
}' , _ l -nu>s£  / '  Y ' ^<x- \Vw v v = — i- e. i )
3- r X b d C - /
I s
and hence,
J  (r , e - s) = U -  v + 1 ^ 6 
t-»° i s
as required.
IV . Solution in the tangential regions ( |©| = y  + O (s~^), r = 1 + O (s '1^ )
We find that as we approach the tangential regions, both 
equations (2.40) and (3.17) become useless because the saddle points 
obtained in the evaluation of the respective integrals approach the 
singularities of the integrands i . e .  the zeros of T v .
Consider,then,the case when
r = 1 -  R s'^
and V , (4.1)
|e( = “  + A s 'v?
where R = O (1) and A = 0 ( 1 )
Now
. ‘ .XS
| T [i-(sN -£* i1-] W t6\ ,
( r ;e  ' s) ~  \ I .     . £• dlv
Jo '
+ \ T ( 1 ------------------ TT e A \ :
J .  v ]
, , i *  C H s '+ i’A ) . w i n  [lS* -wis\ ,
.  ( \ »  . T w  e “ "" A '  . « • »'6 J ^  ' Tv(W *V ^  c * *
since the contributions from the integrals along the arcs joining the 
relevant contours at in fin ity  are negligible (see Appendix A2).
Therefore,
f V  I - i X ^ ^ h  - r 19' j
" ( r ' 6  ’ s ’ = '  S j v *  e h
Let us consider first I ,
The main contribution comes from that part of the contour near yu = 
and so, taking
^  = s -  K s"1 , (4.5)
equation (Al .13) yields
I  M  ^  ^ " 'b h *  ^  AC ( j *  Z e , (4
where 2  is defined by equation (A1 . 2) ,
H ence, taking
/caz = r ( s r  + l l  ),/l- , (4 . 7)
and using equations (4.1) and (4.5) ,  we get
z (s -  k s 1,1)
= L  (s*- 1 + (K -  R) s'vs + O (s~*'s )1
= 1 + (K -R) s'Vs + y - - | r  + O (s '*'s) , (4.8)
since £. ■<. O (s ',3~ )
Therefore
z -  1 = O (s'*'*) , (4.9)
and from equation (A1 . 2) ,  it may be shown that for (z -  1 ) sm all,
273I  ~  j—  (z  -  I )  (13 -  3z) , (4.10)
and so, using equation (4.8) ,  we find that
Z  ^  2 4
( K " R )  + f  T *> 1 + O (s ''1)'] , (4.11)
Also, it  follows from equation (4.5) that
p ? 1 = SV’ j^l -  |-K  s'" 5 + O (s ^ ) , (4.12)
and hence a combination of equations (4.11) and (4.12) yields
(K -  R) + T  T v , 1 + O (s~Vj)
Also, using equation (4.10)
U v - I  )
2V) (13 -  3z)  
10 (z + 1)
= 2 1 + O (s'*1)
and so
'A
(z -  1) =  2
-vt.
1 + o (s'"1)]
, (4.13)
, (4.14)
whereas, from equation (4.5)
1 + O (s 5) , (4.15)
and thus, substituting equations (4. 5), (4.7) ,  (4.13) ,  (4.14) and 
(4.15) into equation (4.6) gives
v l r(sb + ~  s'"1 expt *  * " ^  *  1 0 +
=  2 V W * f  ( s |  t  ^ ) ] [ . , + 0 ^ ) ] , (4 .16)
Similarly
and hence
1 tr(s* + 1‘  n  A I  [ i V * *  CK - 1 *  t  $ '.) ]  r ,  -Vto
7  T  s- +£" M  ~  —— ~------------;---------- — L t r -  ' + o ( s Vs)
T L ( M  + L  J
Also,
I ^  (s) ~  i '1 T  V  s"'s (s *  -  KLS1^  | )  M [ i V 1* *  i c ] [ l  + D (s-^)]
Similarly, from equation (A1.14),
i c (^z) ~ a!'1 Z b'(xj--\V/* Ac (A** -2. «.“ '**)
yielding
~  a V v ^  c y f  ( s |  - t c ^ i ) A c [ i ' !e ^ ( K - t 4 1  f w] ] [ u  OLs*)] 
£T ] ~  0 I  -  T '> I  ) A , [ a T ^ ( K+ l ^ ) ] [  1+ 0 (T > ) ]
and
T-^ , w  ~  ^  - K ^ f )  A1( f x ' i e1~ /5ic '] [ l+  0 (s'v*)]
Now
I = V ( { I -  W l i X R A l l l  _ J  S I  cU.
' V 1 ^  ' 1 ; r  l > ‘< * ^ 1  I  [ t ^ ]  S ^
''4and so, taking yuv = s -  Ks 
i . e .
d/*. = -  s "1 dK 
and using equations (4.18) through to (4.22) gives
, (4 .17)
(4.18)
, (4.19)
, (4 .20)
, (4 .21)
, (4 .22)
-  e
and, using equation (4.1)
, = 2 ''5e : ^ i j ^ AK[ e  i K i [ ^ K € ^ k )
+ e
L ■ 1 L J
Consider 
I .  = 2 % C
■ -^ 1 f«.)]
+ e ^  £- ^  s- j 3 . Ic U c H  + O (s * ) ]
For
s*^ <L K C «» 
we may take
A l U H e * * )  -
2
— 1 K.3'1
Cxl A _ i
x *  k.'/lf e ' l'"'fc
and sim ilarly , since L  <. OCs'M /
r  , x i i  C  \1 t v j .  [  ^  C ^ + i  s5'*')4]
i +  o M
and so 
Ai _ e *p {  I  0 ^ - Q - ^  £»)*]}  j  ( +  Q ^ - t y
A i p v - K ^ i ^ y  * • *  c *c + i  I
( 1 + x^pur)
l - f  o C ^ _‘ )
H
, (4.23
, (4 .2 4
, (4.25
Sim ilarly ,
Al  ( i *  -- J > -4- O O O
and
Mx
r i ( k + i L v M  
A ^ V * O c  ♦ *  & ) ] »  u o M
and hence
£x \Vx
' A i.U ’'3 K ^ ,J) = ^ x P ( l  l K * (•*• + *■«■») J |  , ( 4 . 26)
A ^  e‘ " H K  + t § j ]  h + _ 2 ^ " ' *  1  . *
Thus the substitution of equations (4.25) and (4. 26) into equation (4.24)  
yields
f  oo
V3 -  A .5^ 3 f
l (L= Z  £« J ^ 3
t * K j y "'1
 ^ r  3
exp
**3•h J
For s2/s< K <. oo ,
^ - < K  + j f ^  = - 2 k ' ^ + o ( s - )
and therefore, since £x = t  \  t ?\  ,
e x p { j  [  K?/‘  -  (K  +  { ^ n |  =  e x p | - ' t 2 - ^  K ^ J g U  o  ( S - )
= O (1)
and hence
= O l e  ^  ( V  e ' , (4.27)
thus we may take
U'i -AsI .  = 2 5 e.
SV*
,  c - ' *  A; t f W ■ * )  ^ [ u 0 ( ^ ]  , (1.
since, from equation (4.27) ,  the contribution from I  ^ may be d is­
regarded [^ R and A are both O (1) Q .
28
Consider now
l s  + o o e .
I.t  = ------- --- -------- — <i v
I v O ^ ' l
:^ 3
(4.29)
Using the same methods as employed in the evaluation of equations 
(4.16) ,  (4.17) and (4.19) yields
^  = s + K s v? e '*■
Pi. (- *  l X ) j (  I +  0 U * > }  , (4 . 30
^  U *  11C^  t  fw J l{  i+ 0 U Vl) j
and
, (4.31
V * )  ~  ^  ^  { h  ( S T  +  1C e ' ^  s’'1 i ) A c ( l '1 K ) [ l  -v0(VVl) j , (4 .32
Also,
d/A = e~l 3 s"3 XK
and hence the substitution of equations(4. 30),  (4.31) and (4.32) into 
equation (4.29) gives
■ r  o
I t = e ' * K‘  A
Sim ilarly,
=
-is 4- co e
i . < *  * ,
/  S+ivaiL ^<**1
, (4.34)
and, using the substitution 
= s + K e 1^ 3 s<Aa 
yields in the same manner as before
1 + t ^ ]  = a W *  £ ,vf, ( s f  + IU  V  ^  £  )
' z *- i ( ‘ A l   V V V ’7'" e..vf>(S i  
§ j ] J  | +  0 ( s 'Vj) j , (4 .36)
and
I , (s) = 2 -ftCs,/ie ‘ ^  £ ) / U ( ^ 3<0  | l 4 - C ( s^ ) |  , (4 .37)
Thus equation (4.34) becomes
and hence substituting equations (4.28) ,  (4.33) and (4.38) into 
equation (4.4) we get
oc (r,  © » s) = 2 e*  - ^ Vi e AK Ka.~ ) — -------   t t ~
J0L I
♦  . - ‘ I  A  &
+ ( a j 0  A l c r , +  0 ( r v * ) l  - <4 * 39
Ac[i'ieic!/5(Ke^5+i..^j)j J L >
Consider now the solution for non-oscillatory flow of the flu id in the 
cylinder.
From equation (4.39) it follows that
« ( r .  6  S) |  =  2 [ e A* f  ^ [ a V ^ - t f ]
' t - O  '’o
+ e ';^  A i U - ^ 3 }  + ^ AKe‘;% fti L ^ - O ]
+ e ' AKtl '3 M  (tCe'2^  -  £.)] J AK . [  I •+ 0 ( y V‘ ) j  , (4 .40)
However, using the same methods as employed earlier in this chapter, 
it  is not d ifficu lt to show that
» 'V~ ~ . / is + ooe
iL i  [ I ^ ) - I V rs)] ^ ' e' ^ r  4 i i v («V4ivl' 1 <u
- u — ^ %  ,  ' u
+ j  <JU
-Is
2 * e - ^ V* j ~  [  { e ^ 3 M o ]  +  e - 'K,J 0 % ^ ( < - o ] |
*  e - AKe^ /3 A C [ a V ^ 5 b ]  + e  AKt^ V [ ^ ( ^ _ e . ) ] ^ c [ ( + 0 ( ^ ) ] , ( 4 . 4 l )
as required by equation (4.3) .
Thus
oC(r, 0 s) I v (rs) dv + ( I v (rs) dv
= e vs cos, 6 , (4.42)
(as expected from equation (2.44)) .
D ifferentiating equation (4. 39) gives
Xaj
1 O y( o<< I 5 - As^1
SL-O V £
+ Ax e2^ 5 (_K- O j ]  +  e
e
Jo I
-AKo
' a/•i '3
e
+ e - A < i e^ ' 1 A C ' D ^ ' V ^ i C e ' ^  - 0 ] |  0 (C V5)
2V j  - A s Ml 
- 1 ^ 6
AK
V L,
J^h  AC 0 * '  ^  ( <  -  AC' u *  K
A C ( a ,AK e ' ^ )
+ e
+ e
^  A ( « - Q ]  f t , ' f t * K e ^ )  1 | - * ? ,  t i p ? * * ' ( K e ^ - g j |^ ( 3 > 0
Ac(i'5 Icc^s) J AC f t *  s')
iK f  |+  0 ( S 
A c f tV }  r  t
--Vi
- 2'/! 'A sVi
SR.
+ e -AK e ^ .  e- ^  f t  » i/s_£ j] + e' AKe'S?i ;(sv>)
r2** , A *>( A Ak P .  / u U ' 1u,l-(tc-A)] AP'(^'1*C^') . lA c t a 'M K - ^ A C 'f t '^ K . )
 — ^    :----
_  ^Akt, ^ A ^ a '1 f t . -A w b ]  ftCl f t 'JK.') a k u 1 AcGr2.’/i(K-£w)] Ai.’ ( i / j K.')
AC (e ft kS> AC ( . i ' i  O
(AX
X |  U  0 (s'Vj) j
and thus using equation (4. 40)
+ . - A f t  
+ s«k e.
AK to
ac f t !'3 w 1- ( k - gy) aV ( f t  ^  f t   ^Ac [ f t 3 ^  (k -Q ]  aV ( f t  w * )
^  A C f t '^ k : )
-  - A - ) ] ) } c C k [ u 0 (s -^ )
Therefore, it follows from equations (4.1) and (4.42) that
Xa>-v V
-VftCosS I, I
r f t  V i  ^ )
-  1
2 s cos e -
-As
e.
*3
AK
+ to,  ac [ f t 3u  ( k - o I  f t  ( x '^  f t ] . .  a ; ' ( f t 3ig  / 1 ^ eAlcu A f t f t ( K - e u f t
AC(i ,'»ujK') J ACft'KV
+ lo e A K ua*" . p »/jAC [ f t 3 f t - R e f t ]  U  dkL , (4.43)
in agreement with a solution given by Roberts, (2), p. 99.
V. Flow rate of flu id through the cylinder.
We are now in a position to evaluate the flow rate of the 
flu id through the cylinder. Although an in itia l estimate can be made 
by using the mainstream value of the velocity of the flu id , the w a ll 
of the cylinder has a braking effect on the flu id . Therefore, to estimate 
the extent, ( S~X )J / of this braking action, we require the value of 
the velocity of the flu id in the Hartmann layer along the inside of the w a ll 
of the cylinder, and a suitable adjustment can then be made to the value 
of the flow ra te , obtained by using the mainstream value of the ve loc ity .
The tangential regions ^  which affect the flow rate to an 
extent O ( s 7^ ) J present particular problems and must be considered 
separately from the rest of the boundary layer.
From equation (1.14) ,
V *  v + M ^  + k = S-N  
and hence, since £ <  O ( s ' ^ ) ,  we have, to leading order:
v  =  +  k
M M  , (5.1)
To determine the boundary layer form of v , let
T T *  " T T  ^  • < 5 - »
where, for consistency with equation (5.1) ,
v, o  as M (1 -  r )  — >  oo , (5.3)
then it follows from equation (5.2) that equation (1.14) becomes
and so, to leading order,
V x v, + M = L v , , (5.4)
or in terms of polar coordinates (r , 0 ),
' / X  ,  J _ - v  f t  s  \
r ’ Jg )v, = L v, , (5 .5)
Thus, assuming (as may later be checked for self consistency) that
the rate of change of v through the boundary layer is greater than
the rate of change along it
i . e .  *n r%
—  »
2k  * (5 - 6)
equation (5.5) reduces, neglecting higher order terms, to
^ S. + M cos B  = O , (5.7)
and so
v, = g ,  ( 6 ) + f ,  ( 0 ) e M ^v  ^ (5#8)
However, this solution must satisfy condition (5.3) .
Consider first C
M (1 -  r ) cos 0  as M  (1 -  r ) — ^
and hence
f , ( 0 ) = g , (G) = O
i. e.
V ,  =  O  , , l © |  <. , (5.9)
From equation (1.24) ,
V  =  O
T — I
and so, it follows from equation (5.2) that
f (y )  = ( l  -  y x f t  , (5.10)
For
exp (  M (1 -  r ) cos 6  j  O as M (1 -  r) :—»
and hence
g i ( 6 )  = O
i . e .
v, = f  , ( 6 ) e
Therefore
= f ( 6 )
r * i
but from equations (1.24) ,  (5.2) and (5.10)
cos 6  
s
Tc-I
(where M = 2 s ) 
and hence
f (S )  = 2 2 1 ®
i.  e.
cos© h(I-y)ccjs6MC'-MCXJS© I o l K /r  i i \v, = —   e  ) \B\ y  -  , (5.11) .
jjSFote that these values satisfy the requirements for the reduction of 
equation (5.5) to equation (5.7) . J
Now we develop the 'mainstream' or 'core' va lue, , of v.
For 16 ' <- x / 2. it follows from equations (5.2) ,  (5.9) and (5.10)
that, neglecting higher order term s,
=  ~ k x  +  k  ( 1 "  Y  
"i-s. M M
and therefore, assuming a solution of the form
CO
- k x . ^ k (1 -  y 1 )"1 , V  f »
v  v *^.s. m  M  + M A'
where
(5.12)
and, to satisfy V = O,
I Y- \
6  I = O 
equation (1.14) reduces to
•\
Hence, solving to firs t order gives \ ,  = 2 and
'dx
Therefore,
(fit = x {I - y7-) ^  £  2. J
and thus, applying the boundary condition
* 1 - O
yields
(f> , = [ x  -  ( l  -  y1)'1 ( l  - yl )J/l -  £l J  -  X  (1 - y ")1'1 + y ( l  -  y1)} (5.
and hence
<p.
v K .s . = ' k  I -  +  k  I  7 7
In the same manner as above, it may be shown that 
Xx = 3
and
<£, = O ( 1 ) .+ O ( i* )
As yet ,  the only restriction placed on £ has been
£ <  O (s"2-)
but it is found that although the methods employed are exactly the same,  
the analysis which follows is greatly simplified by considering
t  = O ( 1 )
Hence, as the more general case leads to some very tedious analysis  
we adopt this restriction, thereby getting
V-s . + ,|e| c |  ,(5.14)
Sim ilarly, for \®\ > ^
v t —)» O as M  (1 -  r ) —^  ^  
and so, we take in the mainstream:
V K.J. =  +  M L * ?  *  k l  , (5.15)
M » M n
Therefore, using the same method as used for the region |0 ( < ,
leads to
J, = 2
and, to leading order, 
thus
f ,  = x ( i  -  y x )3/2’ -  ^
However,
( v — s. ' )  -  A X '-  )
therefore
X -_J> x —? o -
X. -  o  I -XL = O
and hence
h , (y )  = h z (y )
Thus
t ,  = [ x - ( w ^ ] ( u y  - v[  t  +
and hence, it follows from equation (5.15) that %
M**
Sim ilarly, it is easily shown that
^  = 3 ,
and so
V,- , I.b
^  s le u ’vv
In Chapter I ,  the ve lo c ity , v x , of the flu id was defined by 
v x = Re (V  e**)
where
V -  i ( v  + w ) 
and from equations (1.18) ,  (1.19) , (1.25) and (1.26) ,  
w (x , y ) = v ( -  x ,  y)
Therefore
V = i  [v  (x , y ) + v ( - x ,  y)J 
and hence, denoting the values of vz and V in the mainstream by 
I v* | and V ■ , respectively, gives
[v z ]  = Re ( v „ $e a t )J *v\ . S,
= R e { e ' ^  ('  " l ) '  ~ 1 ^  +  0  (  t W ]
However, the flow rate v z is defined by
. 0 - ^r> >
J0 ‘S  J V* ^
- 7v z  =  \ \ V ,  <*~X
and so, the contribution V2 to v x from the mainstream value  
L < U  , is given by
/> i r  ( I -
^ L , =  ^ U  K L . < U
We now evaluate the Hartmann layer defect, W h , due to the 
term K L  defined by
1 V- l ) h = U  j  e U f c [ _ v ,  ( * 0 )  +  V , ( - * , ' 0 ) ] ^
= ^ I U { e t , j t [v,CT,e) + V | ( s K - e ) ] |
As we have already over-allow ed for this correction by integrating  
\ y z \  through the boundary layer, the required correction is
>2X
W H = 7  1 ^  5 Lv d H f  ^  ' ( 5 - 1 7 )
jjvhere S = CQg'g  ^ = "thickness of boundary layer
and hence
However, it follows from equations (5.9) and (5.11) that 
V, (r  , © )  = O , |9 |<  V i
v ,  (r , 6  ) = v , (r , -© )
and
v , (r  , 9 +  2 k  ) = v f (r ,0 )
and so
** (X
I [ v ,  (r ,6 )  + v , (r , k -Q  )1 d 0  = 4 v (r ,0 ) d ©
J° \
Therefore
= - J k  u  J t i« t  J \ o i  e *9  J ’ r  e 1 ^  V
7 T  S  L  o  U S  1
_ -ik . .  Q . r« _ « 0 - * W e
«  t e { e ^ t  ] o1oBSe a « | | s C.'M r “ S <Lr 1 -+- 0 ( h j
' J L  ^ C e ^ ) [ H O ( q
( y ^ )  +  o ( t n 's) , ( 5 . i 8 )
Note that the above methods for evaluating !XL ..s. and
9^ve only the leading terms since the Integrals become divergent
for the higher order terms. This is because upon evaluating higher
order terms in the expansion of I V ,| by the same method as before
( i .e . assuming a mainstream solution of equation (1.14) in the form
-H X  fcO ^V '1 , u "yv   v —  J  + K /  ---- 1—
H K
and evaluating up to ) we find that the integral representing K L v  
becomes divergent (at y = -  1) in these higher orders.
S im ilarly, in the integral representing , trouble is
experienced at . 0  = 1 ~  . These singularities are precisely the
tangential regions where we expected trouble to arise.
However, these two singularities have thicknesses 0(M ~^) 
in the rad ia l direction and 0(M ~^) in the angular direction. A lso, 
the velocity  of the flu id  differs from k l  ; ' by O (M ^ ) , and hence 
the extent by which is affected is
[v."]T = 0 (M ‘ ,f/i) X o(M ~2/i) x  0 (M  1/3)
= 0 ( m ‘ 7/*) , (5 .19)
The solution for e<(r , 6  y  s ) va lid  in the tangential regions is given 
by equation (4. 39), and hence, since that equation is va lid  for 
£. <  0 ( s ‘*-) / it  follows that in this region,
I f  . F ~ ^  f
©t (r , G ) s ) = <<(r t  9  )  s )
£ - 0
and so, using equation (4 .4 2 ),
c
i
S '5 x s
I X If .
Q ) ) ®C( , e >,  j 1 1  +  A , +  O ( )  j  ,
^  $ 1 J
^ ( r . e } s ) =  e « ^ e [  i + A .  £  +  0 ( ^  £  )
However,
e
_-
and so,
"  [ 1 + 0 ( r ^ r ) ]
i .   ~k A \
Aa-vw V  — 3^/3
<L-*> 0
thus
e
and therefore, it follows that
say
'"where X is  the correction to the flow rate from the tangential region 
when the flow  is non-oscillatory.
By using equation (4 .4 3 ), Roberts, (2 ), has shown that 
X  1 • 732 -K~' f 1/l 
and hence, for the case £  < 0 (s *) , we have
however, for the particular case
i  = 0 (1),
[ v , ] T  -  . 0 . 20)
Therefore equations (5 .1 6 ), (5.18) and (5.20) y ie ld
, iu » t  (  4 -k  k. k i 1' U 7 V i  - 7/ j  
v ,  =  R e  1 £, I
- ^ r  O  -  0 ^ ) }
but
and so *
V l = '  s1 +  ~ 7 _ S 6) k to s u t- + | ^ s ^ t  + 0 C S'J)  ' (s-
A lternatively , the flow rate may be determined directly  from the series 
representations given by equations (1.25) and (1 .2 6 ).
From equations (1.16) through to (1 .1 9 ), 
v ,  =  R e (V e iw t)
and hence, it follows from equations (1.25) and (1.26) that
*  U t r  » j -rscos© ^  Ci ')T K^ C s,x+^ /*3 v-^ Gn /  l - t , I
v*  = R e \  1 F C  L , " i t  L
— Co
.  I  e n o i s e  f  J. -
—  i ^ c o ^ + i y - ]
rd 8  d r
Therefore,
■ ■  H . 1
CCS l-\.0
but
and
rs CoS© = X  J  ( r s )  c o * i^ 8
• r s “ s e  = T c - i  t x » ^ k 6
and so it follows that
cwfc r 1 r*
vz = 2k Re
= 2k Re
{  f  r  f  I -  2  - Tl t\ J0 . — xKrc^«^l . j
vu t  r
■L 7 2 (rtf X .  ( s )  / ( s H f t -  I w ^ I k . X Cs H ^
= 2k Re | J c L  f  ' _ £ ± £ i l  |  e v T  i ;  y
1  t l  L i  t 1- J t ,
+ H w , I f c l , ) I w W
However,
s 1 ^  (s) = s 1^ (s) + w I  ^ (s)
and hence, since
2  ( -1 )” I > )  i l  (s) = O
— OO
equation (5.22) reduces to 
Jut
, (5 .22)
, (5 .23) 
, (5 .24 )
v. - *R .{  C  [ 4  - i f  (-0- y co yv. t  L -t t  l
I V20
and thus, the use of equation (5.23) leads to
L t  J j
Further, for £. = O (1), an expansion of I n jjs*- +L'')1'*-j in terms 
of a Taylor series expansion gives
»  X w  ( s )  ■+ x  X T  (  1 ~  V  I F  )  X ~  ^
and hence
J  | _ l.£. (|_ X L )
t 1 l  s. ^  w 1 ' X ^  ( s )
V \  x " ( s )  y  X^'O X•' ( i c  \  - y y '  f x T t -  — ^T — —
r  ^  “ i s ’- j  ~ i ^ i )  i + y  H-s" ls * *- X ^ (s )Ss
t ‘  __ t *  x i o o i ^ o )  y
S s: t x . W ?
+
4-8 s' C ry s ) ]* tfr s1
e  r i:c s ) f  i , i8 ix -  (s)T  x :  co t*
”  iv a I _ , .  \  I u. _ •» “k
r i ; t s V
*S5 Lx^.(s) J 3 is  
Sim ilarly ,
LXwCs)[ x y ^ l
I -  Q < y ^ y ]  *■ 1 1  ( 0  +  X T  (  ' -  ^
x :  (s) 
TT(s)
, (5 .26) .
a lso ,
— o o
, (5 .28)
,(5 .2 5
(5 .27)
o o
i c - m - w i *  (s )
—oo
f  C -» T X kW X "  (S>
— oo
X ( y r i : « i ; ' ( x )
— oo
X  h ?  i :  w i :  (S)
=  —
2
=  O
=  O
= _3 
8
=  - J L  
%
, (5 .29) 
, (5 .30) 
, (5 .31) 
, (5 .32) 
, (5 .33)
and
, (5 .34)
Therefore, after some lengthy but straightforward ana lys is , it 
follow s from equations (5 .24) and (5.26) through to (5 .34) that 
equation (5.25) becomes
t i U o ] *  _ y
4-s 2-S
2 - t » r
I J s ) 32.5'
V, = k Re [
-  i  | + i l ♦ o c s - ) ] }  iS -- -X^ s) ** X J]
For the case when the flow  of the flu id  is non-osc illa to ry , equation 
(5. 35) becomes
v [t :  y r '
i - o  - o o  l ^ ( s )
and W aechter, (5), p. 251, has given the flow  rate as
i
I
= X tor
£ - 0
X ! > V  (
D . s x y )  l  s
,(5 .3 5
.36)
(5 .37) .
l b *
Further, in his subsequent analys is , Waechter shows that
- T j - I  1 ~ ~ r t  , ( 5 .3 8 )
ZS
and hence, ignoring the pressure gradient constant, k , equations 
(5 .36) and (5.37) agree.
However, it is possible to prove equation (5.38) d irectly  from the 
recurrence formulae
* iv—i (s) -  ^  I  *  (s) . (5 .39)
and
I K_ v (s) + I ,  + l (s) = 2 I > )  , (5 .40)
without recourse to asymptotic methods, for, from equation (5 .3 9 ),
and hence, d ifferentia ting , we get
—CO
+ T  §  &r I  T - t ts>) Cs) "  ^ X - * ’ (s)
' —OC
-  W  x J +) w l  , (5 .41 ).
A lso, from equation (5 .4 0 ),
4 i ; w  i : w  -- ■+;i ^ , t s ) ] [ x l . ' ( 5 )  +  x j +,cs')]
and so "
= 4 . x i  U ) I J ! ( s ' )  -  I . . , ( i )
S im ilarly ,
^ • l U o T  -
thus *
z V0 ~|
2 1 K_ ( s y i ~ . w  = -  i x _ - t 1 - . - ( s- 43)
and therefore, it follows from equations (5.42) and (5.43) that 
equation (5.41) becomes
l H ) V i a * v i : w  -  x f j - ^ U x - l €  -
+ i !  i  w  -  2 x L w x U ^ ) + I —
= -  i l
—oo V.
oo
X.
-  5
— oo
A lso,
2 ( - T [ x  K ( s ) t =  1 , (5 .45 )
— CM
and so, using equations (5. 24), (5 .2 8 ), (5 .31) and (5 .4 5 ), equation 
(5 .44) y ields
|  (-1 f  n '  1 K O ') X l  0 )  -  ~  X  ,
-  OO
and thus,
oo
—  £>O
as required.
Further, W aechter, (5), p. 261, has shown (in agreement w ith  
Roberts, (2), p. 107), that
A /
1 , (5.46)
3 * s  sv  +  • * - s7''3£  = o  3 *■s 3 -K s
and therefore, using equation (5 .3 6 ), equation (5 .35) y ie lds
t  r  4- I 1 -7 3 1  ■ £*•
= k Re { < r  [  I T T  '  S’- +  x  s7/a 3a. V
?  s  i—\*  C x : o f f x ; o ’} A _ £ s  r - i x t o o |  +  o f s - f l I .(5 -4 7 )  
i s '  [X .C s }f J i
An application of the Poisson summation formula (Jones, (8), 
p. 581) gives
5 n r  I ^ r  = 2j  r  &
[ l . c C  J » t x ^ V T
=  4 I  f  ^ [ t a w - v i V ^
tw -o °
V L J<. \  \ J \TAtf
•
where the contours A l , A i#  A s and A tf. are shown in Fig (iv ), 
(A^ and A ^ being at in fin ity ).
However, for large | v |  ,
e ' w » r  *  , v
I  v (s) ~  —--------------------— e x p  I C ^ + S V  u  1
and hence
^  ((s)]*- ^  w  ( v , s )  e x j> . [ _ - W  *  a(_M^-vs1'Vv -  Co s ir '
^jwhere w ( v , s) is used as a generic symbol to denote any algebraic  
functions ]  .
Therefore, • . ..
^  W ^ .s Y c x ^  [ - ^ - X  + 1 V -

wand so, on A *  ,
(V  / s ) -  X v  Uo^ -  X l v
\ i ^ {f ) f - ^ vv  ^  ^ ~  w c ^ o  - ' i
- (I^ v')jx (.2-V~+0 - ]
is exponentially sm all.
S im ilarly, on A ^ ;
€-;v k  t w o  ^  ^  ^  s ) ^ v ) L  ^  | ^ f  | -  ']
+ ( I^ v - )  (?->>-+ 0  + ' i< w o y V j l
is exponentially sm all, and so
I ? T  B f  *  I .  { c f  -  U  B S  ^
tx v t^ r
’M c b I S ^ b
t x B f  [ i B C 5')] "1 - / ^ C ^ + O
-  * 1 C r. E f c « L  -  ^
~ ~  L [ i ^ W ]  J ■v~ «» L
IM-
PC ‘
+ 2 J  /  f  M l - f  <Lv +  f  ^  |
—  1  \  t i B t  B  l i v W T  1
_ V n  . t i - U T  i  jdi
l i ^ T  t i  - y > f  i
Li b x T  b
+ 1 W ,  ■ t ^ w T
The main contribution is found to come from the firs t in tegra l, and, 
in fa c t, adopting the methods employed by W aechter, (5), it  may be 
shown that n u-' r i / 1 ^
^ I  ^ T -  r n - o t d j  ( f .« )
? w  U t M ' f  ' '
B  Separating the functions I  ± ^ (s )  into real and imaginary parts 
for real and positive s gives
%
I  ±  (s) =  A  (.s ') ~ K  ir  (> )
w here, for O <  ^  <  s / w ith s large and positive, we have
from W aechter, (5), p. 255,
S t ^
K
_ i _  r
1152 L
81 3 ,8S >^  I
, (5.49)
K 1 ■_ (iLV1 l i + —  r — ~ ~ + b  —v J s> ~  B )  r  s ' \ l a *  U ^ v> -
! r  '**■ \ n+r , i  . i
1152 [_ < & - } * ?  ■■ j
A ' (s) f*/ <2_X<>{-30 )^0} c, , ( f 3 - y-__
f  / s^  I  2.4- L C*x- A ^
, (5 .50)
{ I n ) '*  { s ' - t f 1*  L 2 -4' L 
i  r  fci. ^ x / u . 2- ^ v ^ - i  ■)
1152 L ^  + ( s ^ ?  J 4 — ' J , (5 .51)
and 
A
(5.52)
where
g ( ^ V  s) = ^  cos'* S^ — — /-^
The range of integration of the integral in equation (5.48) may be 
split up into the two parts ( 0 fp<K) and ( yMcfc)S ) where
/*« ■ - S -  *  ( - i f  + - £  (4 - ) ’v +  0 ( ^ 1
(5 .53) .
and
| k*  =
(5 .54)
.X
^  ' where K is a large positive constant.
The firs t two terms in the transitional region, (yt*.K , s ), expansions 
of I  ± {/J s ) and I  ±V  (s) may be deduced from Papadopoulos (9), to
give
A ?  UU
Vs) ~ “
A^x. l
* ii.w
and
a<»~ - ,,/t.r* - c, ^2. S k  1 ^
l A  v
'  i L  O )
where
and
D l (k) = m i A i Q O - B i  (k)
= (s 2- cos"’ (7 ^ -)
However, using these expansions shows that the contribution from 
th is part of the range of integration is small when compared to the  
contribution arising from the region ( O}f \ K) , and equation (5 .48) 
becomes ^ p i
4  ( I S ' f e l ^ [ '+ 0 (s 1  * *
Using equations (5.49) through to (5.52) and neglecting exponentially  
small terms yields to leading order
* -H~{—  J °  1
.  t O s i f M ^ I V o t s - o ]
-6
l M s)1
K S [  -  -±. (s3- ^ ) ]  I f -  ’[  I + oCs-*)]
= z|_ [  i + 0 (3 - ' ) ]
£  ^a.k Is  defined by equation (5.54)1 .
Sim ilarly, it  may be shown that
, (5.56)
I  n r
— CO
I f  [ i n  (s ) j I k  (s )
K ^  I > C SV ■ T ^ C ‘ V ]  C J f X
a lso , it follows from equation (5.50) that
K i +
7
S ( V - y ^
'2. + ,(5.57)
and from equation (5 .52) that
?Af
I -
1
.7 . . -V _ ,(5 .5 8 )
and so, neglecting exponentially small term s, we get, to leading  
order,
tA^k ^ * f C s )jc y .*>
— oo
+ .^V~CS) _  [ f ty n (s\l K ^ ( s ) |  r  +  o ( s- ij l
A /A  M * r  f  ■ •A-yn(S)
r f *  k
- 2
z l
8 [ 1 + 0  (s '1)] , (5 .59) .
Thus it  follows from equations (5.56) and (5 .59) that equation (5 .47) 
becomes
v x .= k Re 4-
7CSVz £  *  oCsi |
and hence, since
t  =
\ -V
iu>
V
2 x s  S** k s 1/j
in agreement w ith equation (5 .21 ).
Cc^ uL 4- +  o (s~ ')
Note that the flow  rate for the non-oscillatory flow  of the  
flu id  (obtained by setting £  = O) agrees w ith the solutions given by 
Roberts, (2), p. 107 and W aechter, (5), p. 261.
A P P E N D I X  A 1
Adopting the came methods as used-by Friedlander, (10),
in applying Langer's, (11), (12), work, for the evaluation of
asymptotic expansions of the modified Bessel function K i / ^ z ) ,
we obtain expressions for the functions I ^ ( ^ z )  and I_ ^ ( /^ z) /
-
The functions I  ^ ( / ^ z) and I _ ^ ( ^ z) both satisfy the  
differentia l equation
x n (z) + x 1 (z) + 1) x  (z) = O , ( A l . l )
Assuming yu. and z to be re a l, and defining a new independent 
variab le , 2  / by
f  z s/t= Jl (> - C 4 ) , a ?  i
and V / &1 • 2)
where
. 2 .
0  ^ c o s ' ' ( - | - )  $  \
we have
2 ^ 0  for z  ^  I
2 ^ 0  for 0 ^ 2 4  i
1  ( .■ & )  ■ 0  " i ! *
' ■ 41 >  °
and for (z -  1) sm all,
2 V3(z -  1) , (A.1.3)
Therefore, 2  is regular in z , and monotonic increasing  
in O -C z . < -< > 0  .
Defining y ( 2 )  by
* w -
Z M
equation (A l . l )  becomes
v'Af-
' y  C2) , (/U.4)
y " ( 2 )  -  ^ - L C ^ O )  -  O , (A1.5)
where h ( Z )  is regular at 2 =  O.
For large ^  , y (2 )  differs by O (y-v 3) from the solution  
of A iry's equation
w ,, ( Z ) - ^ 2 > { Z ) i 0  
which has two independent solutions, A i  ( ^ ^ 3) and 
A i (y ^ 3 2: e ^ 3) ,  arid thus we assume
X (z) ~  M e ^ !) J , (A1.6)
where A , and A t  are constants.
For |6U^-2l | ^  and |z |  sm all,
but •
( t / * ) [  (jLKif*)*1- t
and so
1 1^ C/*-"2-) ^  (X x lf^ ) /x e^c|> [  y *. C ^ 1)  +  ^  ~  ]  , (A l. 7)
S im ilarly,
but
^y^y =
and so it follows that
I  _ ^ > Z )  ~  L ^  h  e .x f  [  U g  - (A1 • 8)
For small z , equation (A1.2) yields
^  ^  cosh’ 1 ~  -  1
mi.  e.
2 *7 V i L /2, , /  3- \
3 c  ^  ( ^ i e /  / (A'1.9)
hence,
arg i  = 7Z
and thus 
Therefore,
1^ 2. f  X .
A i ( 2 ~  **!■  L * ^ - 1
/  if fl l/. |VQr
and hence, using equation (A I. 9 ),
a i  (^  ^ > ( - cr S ( M I  < j m - io ) .•
S i m i l a r l y '
g-xp L 3 ^  e  J
lyu.- r  fc--------------------  ■----------     7=7-
r  Z. V e T 1 /fe
i x Y ‘
However, from equation (A I. 7 ),
1 ou.(/ * z) ^  ^  ^  1 j ]v~
and hence the substitution
X <z> = 1 y j / ^ )  
into equation (A1.12) gives
A , = O
and
_ yA -'/* r - \  A ^  e .2.
(Al. l l)
i ^ y  2>
and so, it follows from equations (AlI . 10) and ( A l . l l )  th a t, for
x  (z) ^  ^  (-1 ^ )1  -*• y  ,
^  + A»«-  ^ , (AI. 12) .
ISO
Thus, substituting these values of. A , and A x into equation 
(A3,. 6) ,  we get ... (/..... _  . _
i  ~  a i , y * f  A r'« . , (A1 . 13)
S im ilarly, substituting x  (z) = I_ -^ (^ z )  into equation (A 1.12), and 
using equation (A I. 8) ,  we get
A . =
and
A , = O .
Therefore, it follows from equation (A I. 6) that ,
Vu- ..K
(A I. 14) .T ( r V) ft ^  ^  li-~'l$ ^  ^ ^  2JKL^ )■L-ir  K h 2-) ^  11 A'/* e  Av (yw .2  ^
From equation (A I. 13),
I ,  ( e ;,ViV z )^  2 V V'’3 0<a<cy lcK  , CA1.15)
and so, substituting
z = e 1^  ^v  ’ ( s i + r , (A.1.16)
we have
0  , o .<  < •sc. . ■
However, the zeros, 0l^  , of A i  (x) are given by the re a l, negative  
numbers
= -  \ a.H |
and hence the zeros, S>h , of I v [ ( ksN-£2:j /x]  , <  •* , are
given by
where
z „ -  Z
Thus, it follows from equation (A 1.3), that the firs t few zeros are 
given by
^3 Jk
V * ( M -
where
= Z
v=.v
and so, using equation (A 1.16),
\xfx ' ->
v * 3 i ' 3 , (AI .17)
However, for (zn -  1) sm all, equation (A.1.16) gives
thus
< 3 ~  y ' X ^ T 3
and hence equation (A 1 .I7 ) becomes
A*/*
v  y e ) i  - 1 A.n
i . e .
/ (A I. 18)V K *  ' " ( s - + ^ ) ’K _ i V *4  1 M
and so, arg V„ > ^  (since arg[(sx + 11 )'/xJ >  O ).
Consider now the case when -•*: <  oora*v<0 ; from equation (A 1.14),
y A*
I v (e l* ^ z . )  ^  s / N / 3 M ^ l i .e,KX) } - x < (k jc o ^ < 0  , (A1.1 9)
and therefore, the substitution
z  =  tT '  (s x  + £ i ) Vi , (A1.20)
leads to
I v t ^ + £ 1)V]  = O  w U k  /U  ( A  Z e ;r0 -  °  ,■ - *  < < 0  .
Therefore, the zeros, , are given by
Z *
where
A i ( -  |cln ) = O and 
and the firs t few zeros are given by
i >  ( Z ^ -  1) = |®-M I
where
?
Z n =
ti
•v ="V.
Thus, it follows from equation (A I.20) that
2Vl \>Vl H
e ^ C s  l + £ lf
V H
= I CL.
and, for ( z K ~ 1) sm all, equation (A.1.20) gives
' C 5 a/ e r l K / i . ( s ^ + e ' j l i
and hence, equation (A I.21) y ields
JiV 0Lr4
, (AI . 21)
, (A I. 22) .
Consider now arg ( VN ) .
;Z _
and hence
sx +L2' = sx + i \ t \
= (s * +  \ t \*  ) /j- , say , (A1.23) .
Therefore, using equation (A 1.22),
v N *  ( sn \ L r f v l l ( e ^  _  c s V ! i r ) v,v i U e ^  
-  i *  ( ^ |  s y f -k c ®  -^ 1
and thus
arg (VK) #  +<CL\
---------------------   —------------------------------nr-
A lso, from equation (A 1.23),
, (A1.24)
0  = tan ' 1 ( - ^ r )
hence, since O < -0 < - - ,
T
Therefore, equation (A1.24) becomes
, _  c  - ( s ^ u r ) " *
arg ( V j  «  W .  |  to S | A ( 6 - * ) ]
and so, for £ <  O ( s ,/2~),
x H ^ + i  erfarg ' ‘ ^  -> f  a - y ^ + i s - n"  w  T a ^  -j —  r  P  . ,  nr 
t  |o ^ || C o s . (_4  C®-75) ]
However,
2 ** (s ^ +  |£j**-)Vt* = O (s*»)
|& N|
> I
and hence
~ T  <  t t * ‘3 v « < * ~ 1  •
Thus the zeros of x ,  [ > ^ ]  lie  in the le ft half-p lane.
A P P E N D I X  A 2
For large |^ |  ,
-U s
Iy (Z )  ~  / ' X / . v . .W/M- V c o s k *1 ( j ^ ) j  '
e. *•
Z ^ '
and hence,
JLy (s) j-vLT,^+£.y 3 ., ^  w (v r  s) 6xd
I „  [  (s > + rr*J  ~  w  (y ' r  ' s) “ P
- vco sh  ' ( x t -)  +
-  ( ^ +  s‘ + i * ) ^ +  ^  c o s h - ' [ ^ ^ r | |
£where w (V  , r , s ) is a generic symbol used to denote any 
algebraic functionj ,
Therefore ,
 ^ ^  w v^ ' r< ^ p  { C 3- * - ^ )  1 : +
. -  V  log ( ^ j - )  -  ^  [ l t - ( sN. ^ ]  + v U i [  l C ^ + ^ J
= w(-y , r , s) exp ^ (X v ^ v )  ^  Lwy ( x jx ^ V } ’
^  w (V  / r ,  s) e x p ^ (j£ w o j)  ^  -t-
= w(v / r ,  s) exp ^ (x *^ v :) ^ < ^ ^ >) ,(A2.2) 
and thus, on C , (see Fig ( ii) ) ,
T.fe) U r i ^ n  1
I„  [ (s^+^r-J “
w  (v , r ,  s) e x p /(T ‘~--v)0 ’~*^v _  ^9 +2-x ^ l) - ( fL e -V )  V .
^\
P\
is  exponentially sm all, provided | g -$-Xx:k^ | > E .
Sim ilarly , on C - , — —
I , [ ( s l  +£*• )'"•]
^  w (v, r,  s) e x p / ( l ^ v X ° - ' r^ v + ~(£e.v)U5.cj
is  exponentially sm all, provided [ ©- v > 3i , and so, the  
contributions to I  , and I x , as defined by equations (2 .4 ) and 
(2 .5 ) , from the integrals along C t and C x  , are neg lig ib le .
XV
r s e
A P P E N D I X  A3
For \h \ > |x |  ,
A* z
I ;  (Z) r->  —------------------------------------------ « -X P  i  L MX“  Z.^ ) IAtN CDSU i Q 'I ~\^  zvv 5^ - ^  n  ^  /  r  xi i
and
•/r J /v  ~ / - f
Vz) - ^+
also , for |y^| < | z |  /
yuv.s Vi V
I  h^fe) /v/  —x —---------- ocsf  I I ^ toSH -fz r -  V “4: }
CoS ^  toST1 -  v(7h-y )^ 4- ~^-
A
r f ^  f  2!^
I  .L (z) ^/ - 
and
K* (z) ~  — — ---------- «-XP {  '- fz r  ~  S ’
Considering \|/ (\~ , s ) ,  defined by equation (3 .8 ) , the three cases
1 . 0  < y ^  <  j ' f
2 - C j (sHs.*')"1’]
I 3 . < / -
must be treated separately.
For O  <  h*. < | T ( 4- , it  follows from equations (A3. 2 ),
that the main contribution to (T  , s ) comes from the term
T  < (<\
(A3.1)
(A3. 2)
and thus ,
' f ' ( r - s) ^  w ( ^  ,T, s.) e-vp [  / - A  + ~
-  / a c o s " 1 ^  +  O ' - / ^  +  <*>%-*fe A ^ .  -  (s N -e -^ )" 1]
where w (^x , r , s) is used as a generic symbol to denote any 
algebraic function.
Therefore, since £ <  0 ( s ,/x) ,
\j/(r, s) e~ ^ |e| ~  W ( ,r, s) ex p [  ("T '  le9 + / - CoS'' T L ]
and so, for O |r(sHs>)'/jj ,
[_4*K s ')  e ' ^ |e|]  ~  u s ^  ,v ,s ) e x p  [ - r ( s J-+C')Vl s J ^ ( |e | -  f  ) ]max
= X , , say .
S im ilarly, for j r  ( s V L ^ j ) Cs^ -^V M  ;
{ [ / ( r .  s) ~  1C ^  [ y  C»^ C -M
r
1C
*-^  w  (yw, r  , s) e' 
and hence
max ^  - ? ) ]
= , say
but
£  ■< \© l  <  *
and so
| e l - l  > s^Ciet- | )
thus
X ,  >  X
Consider now M- > | ( SN - £x) /*'] ,
Since £ <  0(s,/j-) , it  follow s from equations (A.3.1) that
i j M r  , s) /x/ w  ( ^ ^ s )  
and hence
max £ ^ O ^ s) e T ^ I0! 1 ,s/---uy - ^ V)r ) s) ^ x p -|^ C s V ^ i' ) a' O e l ' '  t ) J
= X 3 , s a y ,
Therefore
X, > >  X,
a n d /o r | ©J > £  / t h e  main contribution to ©<. (r, G J s) in equation
(2 .7 ) comes from the region C < y ^ <  | .
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IN T R O D U C T IO N
This, the final part of the thesis , is concerned with the 
determination of the couple on an insulated solid lens, which is 
rotating slowly about its axis in an in fin ite  viscous incompressible 
flu id of fin ite  conductivity, there being a uniform magnetic fie ld  applied  
paralle l to the axis of the lens.
It  is assumed that the flow is slow enough and the induced 
fie ld  small enough to permit linearization of the equation of motion.
The basic equations of magnetohydrodynamics are reduced 
to two Helmholtz d ifferentia l equations, from which a sequence of 
integral equations is derived by perturbation techniques, the solutions 
of these equations being required for the evaluation of the couple on 
the lens.
■Shall, (2), has considered this problem for a general 
axisymmetrlc solid slowly rotating in a flu id contained in an insulated  
cylinder. He examines the particular cases of the sphere and the d isc , 
and upon letting the fluid in his problem become unbounded, it is 
found that the solutions obtained in this work reduce, in their 
respective lim iting cases, to those given by him for the sphere and 
the disc.
I .  Basic equations and formulation of the problem
The basic equations of magnetohydrodynamic motion are, 
(Shall, (2)),
V , U '=  O , (1 . 1)
-  p (u. V) U + — (B. V) B -  V (p + ( H >  +
r  ^
(J V 1 U  = O , (1 . 2)
v  .  (u B) = - L  V (V B) , ( 1 . 3 )
A A  Q - y w  A A  .
where IJ -  ve loc ity , B -  magnetic induction, p -  dynamic pressure,
^ -  density, 0 -  v iscosity , (T -  conductivity,
■r-  -  magnetic permeability of the flu id .
Consider now a solid insulating lens rotating with angular 
ve loc ity , s \_ , about the axis Oz /  then we may write
B = B 0 (£ + b *  ) , (1 .4 )
U =  « - f l  u , (1 .5 )
A.
where Bc k -  applied induction fie ld , B6 b* -  induced fie ld , 
u -  a dimensionless ve lo c ity , a -  a typ ica l dimension of the lens.
Then, 'non-dim ensionalizing' the equations (x 1 = — , e tc ),
and dropping the dashes, equations (1), (2) and (3) reduce to
V. u = O , ( 1 . 6 )
V 1- u = -  K1- i k  + VP , (1 .7 )
~
where
b* = <ryw~a_ a v b ,
p = (vi jt_)~' (p + Ac... S- ) 
1
/ o—K = ) B Q a , the Hartmann number of the flow
i Oand the Reynolds number, a , is assumed to be sm all, and
b * «  \ V '
A lso, (M axw ell's  equation),
V . b = O , (1 .9)
Im ai, (3), has shown that a solution of equations (1. 6) ,
(1 .7 ), (1 .8) and (1.9) may be written in terms of two Oseen type 
velocity fields u f ( u ^  , as
u = \  (u t + u _() , (1 . 10)
b = V ( 4 & )  + i -  (u - U  , ) , (1 .11)
c-'t 2JC 1 -1
P = K1 , (1 .12)
i-2.1
where u  ^ , u  ^ satisfy the equations
v .  U = O . (1.14)
where S = ± \ , and Vp is a harmonic function.
The only component of u ,, required for the determination of 
the frictional couple on the rotating lens, is the azimuthal component,
From (1.13) and the axisymmetric nature of the problem
7 ^  = O , (1 .15)
rz_
Inside the lens, B satisfies
V . B = O and V _^B = O.
Hence we may consider B. = V ^  w ith j^j harmonic and
independent of </> . Therefore B ^ is zero inside the lens, and
/ ■
continuity of the tangential magnetic fie ld  at the surface, S, of the 
lens implies b ^ = O on S.
But, from (1.11) and axia l symmetry,
(v , -  v , ) = O
.IX  *
i . e .
v ,  = v , (1.16)
Also, the no -s lip  condition on S gives
V ■= £  ( v ( +  V  ) = , (1.17)
Thus
v ( = v = p on S , (1.18)
Therefore the problem has been reduced to finding a solution 
of equation (1.15) vanishing at in fin ity  and taking the value p on 
the surface, S , of the lens.
I I .  Equation for the couple in terms of the solutions of integral
equations.
Defining w s by
w s ( f ,  f  , z V s (p / z ) , ( 2 . 1 )
reduces equation (1.15) to
( V x -c<z) w5 -  O , (2 . 2 )
where
oc = i  K , (2 .3)
and
and
ws = p cos on the lens
Consider now the Green's function G(r_, r_' ) satisfying
, (2 .4)
( V 1- * 1) G(r_, r .1 ) = -  -  r ' ) , (2 .5)
From equations (2.2) and (2 .5 ) we obtain
G(r_,L' ) V xw -  w , V*-G(r_/L' ) = ^  £  (r_ -  r_' ) w.
and hence, integrating over the volume V exterior to the lens gives
I t  now follows from an application of Green's theorem 
and the boundary condition (2. 4) that
- f [ G r C c >£ ,) j ^ ' * > s -  - -  ‘h c ^ p c o ^  - ( 2 . 6 )
s
where — denotes differentiation along the outward drawn
<5 y \
normal to the lens.
Sim ilarly, for the region V * interior to the lens,
f [ G r i t s ' )  V 1 <*-(.£ ,£ ' ) ]  A x '  -  O
V;
and applying Green's theorem,
0  ' (2- 7>
Thus, combining equations (2.6) and (2 .7 ),
s
i .  e.
s** -<f) = - -  |  G r i i x ) ^  coS^ '^uLS1£  p  C O S  vp‘ =
V r  H-K ^
-  e  s o t i ' -  p '  2 ' t ^ 7-’ V s '
But v 5 = p on S , therefore
e s^  P < * x > 4 >  ■= - i -  ( G r C i , ^  c o s f  K - f O  , (2
V 7  A
= I cos <f>' G ; ( t , £ ' )  t r^Q'yZ’) els' 1 , (2 . 9 )
where
<Ts { p ' ,  Z ' ) =  - 1  (VS - f ' )  , ( 2 . 1 0 )
v ^  d VX '
Therefore, taking
G ( r . , r . ' ) =  l l L  , ( 2 .1 1 )
U - £ ' l
gives
5c<2. / r  j  i . . ,  a ,c i
■ e ' ( 2
s
Assuming «< to be sm all, we may get an approximate 
solution to equation (2 . 12) by expanding both sides of the equation 
in powers of oC , and then equating coefficients.
Thus, assuming
<rs ( p [, z ')  = X z ') - (2. 13)
K -  O
we obtain
^%<f> = f  <rSo( ^ ' ):2; ) I r - t ' r ' c o s t s '  , ( 2 . 1 4 )
.8 )
. 12)
<H
“
S OC z
i.  e.
S )^2.o=s^ = ^ (TSI 1 C®s<|)' (is1 , ( 2. 15)
j r £ \
+ 1  i i - i ' r < r s o ( ^ 2-0 j  ^ s '
i .e .
■ L ^ ^ C O S ^  = ^ (TSl (^ > ',2. ')  | i - £ ' r « > s ^ '  «ts'
4  T  I  6's o ( ( ,''ix ' ) l i " ' - ^ “ ,S^ ' ^  - (2.16)
and
—  S-' oC'Z" P CjsS£- J* S 3 ^  >2-')
+ sl
i . e .
- J _  |  <rsoQ>,) '£,) | j > r ’f'c-os. ( is 1 , (2 .i7 )
Thus, from equations (2.14) ,  (2.15) and (2.16) ,  it is
clear that
0V ( f ‘. z ' )  = < X o ( f ' z '>
<r„ ( z ' )  = (p 1, z ' )
and
z ' )  = C  ( p1, z«)
Now the tangential stress component, T  , on the surface,
S, of the lens in the direction of <j) increasing is
x -  - I f - i 1 ?
= |  ( % + X , ) .
where <U ^ ( ^ )
Thus we may write
G = |  (G , + G )
where
■  x^ [ / iC i)A
But v s = ^  on the surface of the lens, therefore
g s = x * < \  J j
= " 8 x l,f i  5 f * usin9  (2* io )
1
f  (2.18)
and hence
G = -  ^  p* [ j
C
thus using equations (2 .1 8 ),
I I I .  Expression of the integral for the couple in terms of 
toroidal functions
Consider the toroidal coordinates (y u . , X , <f ) , where
Ck. S y _ S ^
CO&'Uj*-— CosX c o $ ( ^
X  =
— Co SX
C\~ Svv\-U K
CO s. — CO s X
O  < ^  C O o ; o  C <f) < 2*.  ;' X  x  c  X  <  A ,
(where A, / an^ Ax are shown in Fig. ( i) ) ; or in terms of non- 
dimensional coordinates,
x
z =
Co S <^> 
C o  *— C o  S  X
S Iv v
Co s Cn. — co S
and hence,
A
y
Co  CoS X
?
tinhy^
cosh j^- -  cos A
X -  Xs -
X — Ax = C£ t*—S
F ig ^ J il
Therefore, equation (2.19) becomes
G = G * + G*t , (3.1)
where
oo
i 5inh'~Av _
{ j  (coshyw- C O S ^  )J <T,lo { M ‘
-  (0 0^ - V  4
(cOShy^- COSf|tv )
+ o (« r^
i .e .
G * -  -  8 x J sinh*'*1 ( c o s h , : - c o iO T  V  + ^  ( f  x ( / -  V
sin *
(c o s h ^ c o s  <| )^r '' + 2 (c o s h ^ .-'c o s ^ ’- V
1 sinv(j,
where
= 2 ^ + \ , ,
and , (3 .3)
From Hobson, (3), p. 452,
r -  r ‘ _ ( c o s h -  cos X ) /r'(cosh/^ 1 -  cos A
2 Vli_ j~ cosh ^ cos (X  -  V ) Vi
where
cosh 'jj = cosh ^  c o s h -  sinhy-^ sinhy>J cos (<£> -  ^  )
thus, on the lens,
|~rX-S r*| = 2 ^(coshyu -  cos^oJ N cosh^ 1 -  cos f 2'
)^ 5C
C O S
[ c o s h c o s h y t^ ’ -  c o s ( ^ - < ] L ) -  sinhyu sinhyu'cos(j6 -
r 2*
= cos ^ (cosL/^ -  CoS co S <]^ VZ
C O S  <-*- cLla.
r  v_ | —it
JcosU^co S c c ^ i ^ j
h (yu, f)^ ;yul ,<]<[) cos ^  , say
h (/*•’ /»>!>/• cos <£
, (3 .4 ) ,
S im ilarly, 
»2*;
I r -  r 1 cos d <f>' =
ll
(coshy^ -  c o s ^ f 1 (coshyu! -  c o s ^ ) ^
£ c o s h ^  coshyJ -  c o s ^ - f ) * )  -  sinhyi^ sinhyu! c o s ( £ -<f>' )J ^ c o s j j d j
2 ^ co s  (f>
(coshyu- cos ^ '^ (co sh yu 1-  COS'^)^2-
f**  V
I |coshy^coshyA,-  cos(f|^ -1f|cl) -s in h ^  sinhyJ cos uJj * cgS ^
= h , ( cos <£ , say
= h , cos (j)
, (3 .5 )
and
.lX
r -  r 1 cos » _ -2  X  s i n h s i n h / ^ r cos ' (j>________(coshyu -  cos ) ( coshy^. -  cos f jo j
= ( y ^ f p y J , ^ )  cos f^) , say
= h t  (y* , <]Jj yu, <p cos (f>
Therefore, it  follow s from equations (2.14) through to (2 .17) that
i  , isinh /x
coshyiA-coS
(3.6)
<C<3
(co sh p  -  c 'o s C j*  ^  h(/^  ' V ;g ' <tl» ) <ty v' ' (3‘ 7)
sinhyu sinNy 
(coshyu- cosij^)*
f* ©o
V/ o ( c o s h p  -  c o s ^ ) ’^ '  * d A " '
. ' (3- 8)
1_  ^ sinhyu sin^^o, _ 
2 (cosh^/v -  cos (j^) £ h,i
/>0O
s in h ^ - 1 Q~,^  , , , . ,
(cosh/g -  c o s q j *  b ^ ' V ^ ' V  d/ ^
oo
1
♦  T
9)
and
jV S(cOShyu' -  c o i ^ / r -} h(r ~ ' V ' V ' V  d A
Jo (CfiSkjk1 -t£>S^x)
-- I  r 7 ^ ^ i ( h V i r ' i ' ) VJ c (CoSk^ — coS^J, )
3 ( ~  f ^ L ^ -  ^  - (3- io )J c (co& tv^v-coS  <jx)
where
X (^A‘/fJ0_) = "*" t (3*11)
Thus, using equation (3.7) we get
r  f  S/ nh^  ^  + s l n h >  g - u ^ , V ) ~l d
J (coshyiA. “ COSiJ, )s (CQShy  ^ -  C O S^T J /■
f h ^  ^  ^ V >  1 sinh ^  o-;. ) h ( ■ } ■ ,
(coshy^v -  cos 0 t r  J J c (coshy-J - c o s * ] , )  / i / 1 V
<*>
1 ^ 1 #  ‘ M ' f ' V f  ]  ar
A00 ,• o^o j
+ s i n h P ~ j a .  ( /^ , fy )  j sinh 0%  (/^ ,Q i)  , , o ■ •' ' a  ^ ’(cosh-y^.-cos.Vj, )x | (cosh^ 1 -  cos f]()** / * 'T 1-
+
t o s h ^ ° c l ' t V  d r
’0
£0
+
4 t>
sinh Qlo (/** / )^a.) sinh cr,^ ( ^ , q , )*  * ■ * * *  + f  ”  I V  \  /  . /  f t  /  I  * J  l - H A A  f ~  • i .  \  /  I  » /  V  /  I  1 \  %
(cOShy*0 -  COS (Jt  ) *  *{ VQ (coshyw -  cos^J, )x /  1 ' / * • '  *)*■
and hence it follows from equation (3 .9) that 
rco
s in h ^  ,<r, x  ( /^ , n ,) | s in h */^  < r (  /u ^ x )  1 ’
(coshyw -  cos f|, r  (coshy^ -  cos rjv )5 J
.OO >.
_ f sinh /^J <Tlo (^J / fj,) J 1 s inh /^  sin^tj,
J (coshyj -  cos .(J, )z ^  2 (coshyJ -  cos fj, )l
- 1  1"
- T  f h » ' ' V M . * y - W
o
+ f  sinh Z^ 1 ^io ( )  f  1 _ sinh ^  s in^fj.;___ _
J (cosh ^  -  cos f|r  )* 2 (coshy^1 -  cosfj* )V
AO©>
2 ^  (cosh^ -°cos « J 1' h> W ' 'I1 ' T ' V  )d / ^ }  d/~ ' ,(3 .1 2 )
A lso, using equation (3 .7 ),
/*0O
sinh*/^- X ( a* . , f) ,)
(coshy^ -  c o s ^  f  + (coshy^ -  cos *jt  )a
oo
sinh^A^ X(y^,^]x)
0 0  I
A 03 j j
S l u l l  f^ -  vT j o ( /U. , ^ \ j . )
0 \ZCS-'cos%f h<M'^ 'V«r \
too ( r | i
, i s in h ^  X ( a v ^ J  ( sinh 0~(o ( ^ ,Q i )  ^ . , *  x , , t
| (coshy-v -  cos f)t )x |  J (coshy^ -  cos <j, J 1- \
sinh (T<t> ( A O J  , , _ , , i l  .
(coshyuj -  cos I)J=- h ( ^ , V / - ' < ) J d / -  j- d/ ~
(coshy/J -  cos f|, )x J (coshy>v- cosrj
+
‘ 'o
and so, it  follows from equations (3 .6 ) and (3.10) that
'oo roo
Ri'nh j^u. Y(  CL 1
dyo^ -r  sinhPy^ X (y ^ ,^ )  d/Uv + - f  sinhx/^  X(^v,<]JJ  (coshy^- cosvj( ¥ / J (coshy^- cosr|J*
2 k j  | fsinhxy^ <r;0( y^ ,^ ) + sinhxy  ^ <Tto (y^;QO~ ^
3 YJC [jcoshy^ -  cosrj, P T (coshyv -  cos^|t P
2 7C
3 r  i  m  •* i  ( v ' ) T  , say , (3 .13)
where
,oo
•Therefore using equations (3 .1 ) , (3 .2 ) , (3 .1 2 ), (3.13) and (3 .14) 
we get
G = —8 ^ ^  f  Y ( « )  + Y (t|J  + cC*[a(<|,) + A ^ J  -  B( (),,<), ) - 2B( Hi-% )
-  C (f|,) -  C ( ^ ) ]  -  [ '  Y(<\,) + Y ^ T l  + O («.*'•) ,(3 .1 5 )
where
lOO
A (V  = s ln ^ V  | o ^  . 0 .1 6 )
'OO />oo j
, (3 .17)
=
and
c(v  = sinv  [ : . (3.18).
IV . Determination of .t^ ' ( \ V )  and err. ( »U)
Although, theoretically,__£70( • ' j c J  and J~tx (^u, . j j  may
be determined from equations (3.7) and (3. £) respective ly , it is  
found that the two integrals involved in these equations are 
extremely d ifficu lt to solve, and, therefore, other methods must 
be used.
Consider firs t 07, (
Putting ©c= O in equation (2.10) and using equation 
(2 .1 3 ), gives
(4 .1 )
where > from equations (2 . 1) ,  (2 . 2) and (2 .4 )
v ,  {/<*, A ) cos & = w ; X / £ ) (4 .2 )
and
V z w, = O (4 .3 )
w ith
w ( = p c o s 0 on thi 1
and
f
(4 .4 )
w , —> o as r — ^
In toroidal coordinates, equation (4.3) becomes
where
and the particular solutions required for lens shaped boundaries, 
are of the form (Hobson, (3), P. 451),
w  = (cosh/— cos » ,y, n ^  N (  cosh TA ) ( cos 7A P (cosh/vv) ' . v — % M . rt< /  \  smh i . \  sin:
f  The functions Q (cosh/^) are excluded because they become
A'
I dk *A W A, M«* V  ** M 1 L /
unbounded on the z -  axis (given by = O ).
Therefore, upon using equation (4. 2 ), it is clear that
V, ( a-  X) = (costyv- c o s \ ) V  P_|+;t (cosh/«) £  3 ^ 7 ]  - (4- 5)
and, from equations (4 .4 ),
v . (m , A) = —  ^ h ih ^ —  ^  lens
' 7  cosh^v- cos A
and  ^ \  , ( 4 .6)
v . (yu, A ) — O as r —a> ( ^--?o
Consider the function A' defined by
/
Y  = -  2’ /J" (coshy—  cos A ) r  j^cosh (*:-■ ' \ ) T  sinh (A -  AJL
+ cosh ( k -  AJT sinh ( 2 - +  A y-A,)"!!]  t~  , y^d f* J  cosh Tv l  sinh ( 2 ^  + A r~AJ t
then
r°°
t = -  2 ^ (cosh.>~.- cosA.*)1
H v  /
cosh (-. -  N j t  , . ( c o s h ) 
cosh Tv \  ~W*C r
o
However, from Hobson, (3), p. 453,
cosh (x - a ) T  _ , . ■ % . 2~''1\ u n v / l  l ‘ , ... .
J cosh x t  (coshy -  cosx)^- ' *  ^ ^
and hence
a -3/
cosh & - *  r «  / / , \ ,^r “ 2 ‘■sinhy u X-~~ p * (coshy) d T  = 7--------------     r-v , (4 .9 ) .cosh *: A. (coshy -  cosx) /l
o  -
Therefore, since 0 <  A<v < /eq u a tio n  (4 .8) becomes
sinh A --------.- , (4 .10)... ,cosh,w - cos A
: 1
A lso, from equation (4 .7 ),
u ™ v = 0  , (4 .1 D
and so, as equations (4.10) and (4.11) comply w ith the requirements 
of equations (4 .6 ) , we may take
v ,  =  Vp
/ * =
cosh (x -A ,)T  sinh (A -A J T
3 ;,  Vi
-  2 'icosh/—  cos A )
+ cosh (^ -AJT sinh (2k+ k  -  AJTI ----------------------------------- -^-------p-dT , (4 .12)‘ J cosh x  T  smh (2k + A V- \^ K
It  is  now found necessary to consider the two regions A  
and X 7 X 7V separately.
Consider firs t X ^
From equation (4.12)
r  r
V  ' 1A 1 i v >r~v j = -  2  ^ (coshyu- cos.A ) \ cosh (^ -A ,XC  -  cosh (x + a J T
sinh ( A - X j  P . ^ ( c o s h / -) 
cosh t c l  sinh (2?; + A, -  ATJt
-  9‘AV‘^ (coshycv- cosk ) ' l'u \ cosh (tt-A J 'C  sinh (Xv+ 2k -V  )T
; O
+ cosh (tc+ \ j) T  sinh (A -  AJT P-i+tx (cosh/x) ________co s U x T  sinh (2-* + A ,- A J T
nSL , , *, A  sinh x ' t  sinh A*T s in h ( / -  A1)*C _ ? . » ~
2 -  ( c o s y -  cosA ) J -o o iH - F c l t a h W ^ - ^  P- t , ^ (cOSh^  d 1
-  23 i(co s h ^ - cos A A  | C°0Ssh ( / / K  p- X  I t . (cosh/ ^ ) d X
J /i  / , \ A  sinh — C sinh A.Tsinh ( A -  X j l  „ i , , :» ,.y= 2  (cosh/—  cosA )------ ------- =— =— r-KT?~— r~:— — r r S   p (cosh/~) d t/  \ c o s h s i n h  (2 rr+ A» -  A j L “ Ih v T ' /
sinhyv 
(cosh — co s X )
, (4 .13)
(using equation (4 .9 )).
From Hobson, (3), P. 451,
i ' / j . r  . -
P (cosh/-0 = ^cothTA- i - - - y 11 ————- du
-•UCT / k  (cosh —  c o s lwr
= — coth T a -f
■ "  i
r  sin I — , , , %vT~T~r—  (cosh u -  cosh.w  ~o sinh u /
r
r  <>=
(cosh u -  coslyO  /x ~  ( | ^ u) du ^
d'Vv
A" i-
-  2 r— coth ’ A 7v
7v ,
(cosh u -  coshy-v) Lc os _ cosh u sinX  sinh u s in h ^u
<r 1
A"
du
and hence ,
i 2P_1+ T^ (coshyu) = slnh^vcoth^ 7v
c*J
’r~
(cosh u -  c o s ly j
T  cos T t  
sinh u
cosh u sin T u  
sinhr u du
» /,- 2 .= — sinh^  coth Ltc
r -
f  j ( u,y*~) 1 c o s T  u -  f  r  ( u , ^ )  sin T u
, say, (4 .14)
du
where
and
* , x (cosh u -  cosh/^v) zf  , (u,r ) = — — H- r _ w _
f a_(u //^) = coth u f , (u ,/*)
(4 .15) ;
Therefore, substituting into equation (4 .1 3 ), we get (for k  < ) ,
sinh / a , 8 , , • . ,, -   r    r  + — (cosh/w -cos A ) sinh a-1 cosh/—-  COSA 7k i /V , =
X sinhsinh
sinh /-■
jjf # (u , ^ )  TCOsT u -  f  ^  (u , /- )s in  I  u d u ^
. f T *
d t
C O S h y - -  C O S
V Q . 1/5
—-r— + — (coshy-- cos,\ ) sinh/c-s
' s A - K  1 i
t <>3
sinh XT sinh ( ^-A-5.)T,-r  ^  ^
— . , 7 a  • r r f - I  cos I  u d l• sinh (2 a + A, -  A JL
f  (72
sinh A.T sinh ( A  -  AJT . ^:— ; r  jz— —:----- .. sin I  u d Isinh [2k+ \ x -  A J t olu. , (4 .1 6 ).
Now
sinh A,T s in h (A -X 2)T  = y  Jcosh (X + A, -  A*.fC ~ cosh ( A, -  A + AX)VJ
and so,
to o
sinh A .T  sinh (A -  k jX  ^
sinh (2k + A,-AJ"C s u lT  u d T
1 [ cosh (A,+ A -A 2)T  Jtr 1 f cosh (At- A + A jT  ^
T j  sinh(2 K + A ,- A jT S m T u d T  ~ T  J 'sinh ( 2 k  + A, -  AJT S m T u  d*
k  ' sinh ( T k  +  K - k )
4 ( 2 k  + A, -  AJ cosh X it  X “ A-j.2 x  + Ai -  X-j__
4 (2x+ A ,- AJ
x  s lnh(2 Z T X r Z )
4 (2tc + A,-A;.) ~
( 2k +T -  0  + COS('
c o s h G T V a ; )  + c o s  ( 5  i l T + j C - X : )
T~7 u k  /  A, + A -  X2 \
_ cosh ( 2x .+ a ,-x ) cos l x  2 k + x , - t : )
cosh /  U 7CV2x+ -  Ax + cos
A, -A + A a.
2 x+A . -  Aj.
, (4.17) .
Also,
r  p
sinh A,T sinh (A -  AjT <7- <7- ^  sinh A,T sinh (A -  A jT— : r Lcos I  u cfl = x—•  . , ; vr ■ sin I  u dTsinh (2x+A, -  AJT ^  sinh (2 /t+ A ,-A 2)T
V f\
and hence, d ifferentiating equation (4 .1 5 ), we get,
sinh sinh ( X -  X j   ^ ^
^ u T o  T~\ v ---------- l-COS T u d  bsinh (2 k + A, -  A JT
x 1 + cosht 2 ^ I ,  - x ;
COS 7C A, + -V -  A,2 7\ + A t -  As.
[cosh ( u:*L i  ^ 2 k - + \ , - A w
/ Ak + A — A x \
+ COS( /X 2 ^ + A ,  - \ 7
1 + cosh U K2~ + A» ~ cos x
A, -  X+Av 
2 k + \ ,  -A a.
C0Sh 1 2 x V X ^ -aJ  + cos ( *  2^ x A x t )  ]f e
, (4.18)
Thus, substituting equations (4.17) and (4.18) into equation (4 .16),
v -  sinh + 2 ( c o s h c o s  A)  sinh/-v1 (coshyvv- cos A ) ( 2 k  +A t -  AJ
X \ < -7C f, ( u ,^
(2k  + . A. -  A J
1 + cosh I  u ^  \ / A, + A -  Ax{2k + j COS 'VK 2 *  + X, -  A-
cosh /  U K^2x+  A, “ A; + cos x
V +A  -A ,. 
2 k  + A j ~ A a.
1 + cosh ( n—-~r~—-r- ] X i “ A+ A a. \U K V / _  A, - Aa.c o s r  2 k + x ; - a : )
U K
t OS\ 2 . + A , - A i
A i “ A + A<v \
+ C° S I  * 1 X v t l .
-  f  ^ (u ,^ )  sinh u k
2 k  + A, -  A*. , /  UKcosh 2 + , \ { -  A,
\  . _ / _ A, +  A -  V j_ \
j +- cojv 2 k + a . - O
h
c o s h ( 2v + A r - . 0  +
du
sinh £
(cosh^x- cos A )
\  2.
2 (cosh.cy- cos A ) s inh /^
(2 k +  Xj ~ Aj_)
x  f ; (u, /^)
(2 k  + Av -  A j
1 + cosh
i  , /  u  ~  \  I  X  -  2 k
1 “ cos\ 2 ^ + 'a7 ^ t J  cos 1 K  --— ~2 k +  A, -  Aiy
^ [  u k  \  /  A  -  2 kcosh 77— —7----- -T- - C O S  I K —  :------ r\ , 2 n + A , -  AJ V 2 k + \ y -  A' .
C o S u
V
X x — X  + Ax
2 AT A | ~ A  U
[ cosh( 2^ u ^ i — ) + COS 7C
A j — A+ X a.
2 7c + A j -  A i.
f - (u' A  stoh( j ^ Ux f ^ A, cosh “ C08(1c z i+ A fA d
cosh { z X T X ^ X Z )  >  008 Z ^ T J T ^ X l )  j  1
cL^ , (4.19)
since cos A
A l + X j A  > 
 ^ 2?c+ X, -  Alj = COS ■ * -b rr
X -  2*:
2 /\+  X, -  Xx,
Although th is expression is only v a lid  for A <  J j k  ,  
we can overcome th is  d ifficu lty  by considering the solution for an 
inverted lens of the .same shape. Consider the transformation
X *  =  2 r r - X x , X *  =  2 x  -  X ,
Since
o < X, < X,. < ,
we have
o  <  K % <  Aj, ^  2 - *  ^
and c le a rly , the two surfaces X =  X *  = constant and X  = X *  =  
constant describe the upturned lens. Hence, as equation (4 ,19) is  
va lid  for X^Xx , v,has been determined, "for the new lens, 
in the region A x d x  . However this region corresponds 
precisely to the region under the old configuration.
Also the transformation
X* = 4x - X
gives . '
< X *  <  a -^ -^ X ,
and hence, to obtain the solution v for \ y O j K  , we simply
substitute
X, —^  -2-^  -X^
Xt - —? - X|
X — ? ^  -X
in expression (4 .19) .
jjSFote th a t, as expected, continuity at X  =  2 x r  is preserved.J
A more rigorous approach is
For X > 3-7C , we have, from equation (4.12)
v, = - 2^ f(coshyu. -  co s A j^  j  j^cosh (x -  -  cosh (3*  -  X j l l J
sinh (X t+ 2x -X  )T  P-fc+jT (cosh/^) ,0. 
cosh k'T sinh {2x + A, -  Ax ) t
~2*/j- (cosly^- cosX)'^ jcosk(x-A5T s^^lX-X^X‘+ccst\(3x-AajT s ’uAU(Xi+^*-X,)T j
? ^ ^ T (c°sh/^) T
co sLxT  sinh (2x + X, -  A j.)t
_ ,v , ,   K  A  r ”  ^ - U x T  ^ ( W - l Q x  ! u l L ( ^ A , - A ) t
J c-os.L.'JC-T &vv*jLs. ■+ A \ A*)
2/x (coshyu,- cos
o
r°*
-  23/* (cosh/^- cosX ),/;L cosh (A  -  3 * )T  / ,- —55h * t  p - t . i t  ■(0O8hA ) dT
and hence, using equation (4 .9 ),
v .  =
sinh /*■
(cosh^v- cos A )
^°s^tv x t  ( i*  (?*>* ^
+ 2^  (coshyu-  cos A ^
oosUrTT SvXL
u
Thus, from equations (4.14) and (4 .15),
h ^ c S i X "  + f  fc °sh^ -  cosX ) *  s in h ^V. = - * COS
tiJ k C a *+ X '> 5 T
X
c o Ih ^ -h^ s  X + TT fc o s h /. -c o s X )1'1 s in ly^
‘ •o. ,co
x w f , ( u , r ) i s h lM * i : ^ x v st o | » % ± x c - y c  t c o s T u d T
s in h (2x  + A, -  Ax )"t
sinh (2tc- \ J T  sinh (2 * -+ A, -  A )*C .
 ---------  s in T u  d Tsinh { 2 k  +  A, -  Ai_)T >* du , (4.20)
But
Oo
sinh ( 2 x -  )T  sinh (2x+A, -  A )T  
sinh (2*: + A, -  A jT sin T  u d T
» CO 0.oe>
cosh (4x: + K , - ^ -  k ) T  1 cosL ( \ - X , - X ^ T  t „  A T
sinh ( 2 ^ - i - X , - A J T  2 j  ;
s in h f e
7v
2*: + A, -  A^
4 (2x +• A, -  A J + COS X A x  + A, -  Ax~ X) 2*; + A, -  Ax )
7T
sinh f - — ~r~— r- ^
\ 2 x +  A, -  Ax J
4 (2 x +  A, - A J
cosh U cV a . - a J  + ° ° s ( *
A, - \ +
2 ~ r  +  A |  “  A z
sinh U A j 'T l )
4 { 2 x  + A, -  A J cosh I  u k  \  , (  A x  + A, “  Av-  A^
l ^ F T X ^ )  + COS( X 2x + A, -  k ~ J
c ° sh ( z ^ r - A i N
I  A, ~ A + Aa.+ COS 7t - r -^2x A i — Ax.
, ( 4 . 2 D ;
A ls o ,
/tO o
x  co s t olt -  —  f sZ^L(ix-X^T
^ j  ^ u c o x + x . - x ^ x
4 ( 2 K +  X, -  k j -
,  , -  , /  n - K  \  / 4x + X, -  X,. -  X \
1 + ° OSh \2k  + X,~-A J  COS (  2 X +  X, -  X  ^ )
1 + cosh (■
u x
2x + A + c o s (x
X, -X + A*.
2?c+ X
f \
, - A j
[ cosh L + x 7 - - x r ) + cos (x 2 x + t - x J ?
, (4.22)
Thus, substituting equations (4.21) and (4.22) into equation (4*20) ,  
and noting that
cos A
4k + X, -  Xz -  A 
2x + X, -  k x -  cos X( *  k+X-d
we get the same expression for v , as given in equation (4 .19 ) ,  
w hich, therefore, is va lid  for the whole range of A .
On the surface
y
X  = 2x + A I /
-  (coshylv- C O s X , ) -^
whereas on the surface X = Xz ,
-  (cOShyU- COsAJ^T  
c  K <$A
(where denotes differentiation along the normal drawn outwards
to the lens),
and hence, from equation (4 .1 ) ,
<r10
<x+l 1
-  (_ | ) ___  (coshyU- COS A ^ ) Z / _ sinh/'v x
J)X V* coshyK- cos A
where 0l = 1, 2, and is defined by equation (3 .3 ).
JU
Therefore, from equation (4 .19),
(T:to
( - I ) * * 1 sinhA*> (c o s h /^ -  c o s A j  5  
2 x  ( 2 x  +  A,  -  A * )
oo
x  f, (u,/^)
( 2 k  +  A,  -  A x )
f *
1 -  cosh
t V i.
(cOShyU.“  COS A  )
c° s (x 2 x + r - x
cosh ( a x + X - X l )  -  cos ( x  2V +2:  - x )
1 + cosh (s u t2 tv +  A , “ A. / - r -  A  I ~  A .+  A *.cos X — 12 tc +  A , - A * .
cosh
\ 27C +  A ,  -  A i .  /
+ cos I x A ( — A + A i .
2 x +  A,  - Aj .
-  f .C u ,^ ) sinh ( 2K“ Z r x j
cosh U 7 C
2 x +  A,
cos fX A  -  2 X  
2 x  +  A , -  A i.
cosh + COS X A . - A +  A^
2 x  +  A,  -  A x ) -
lu
We now determine
Consider the solution g ( (j> , p , z ) to the equation
, (4.23)
V a g  =  O
with
(<j> , o , z )  = g , (  ^ , z ) cos <f>
, (4. 24) 
, (4.25)
g,  ( p , z ) = p z on the lens
and , (4.26)
g , ( p . z ) o a s _ r >  o®
Consider also the Green's function G(X/ x * ) satisfying
V x G t l ,  x  ) ~ -  4ie ’£ '(r -  x* )
then
g V l G (r , r 1) -  G (r , x* ) 9 -  “ 4 7 C ^ (x -X f )
and so, integrating over the volume Ve exterior to the lens,
-  4 re g (r )  =J g f  G ( r , r ' ) - G ( r ,  r > ) V1 g J d V1 .
Therefore, applying Green's theorem, and using equation (4 .26 ), 
-  4 t  z cos p 'z 1 cos
where 
to the lens
denotes differentiation along the outward drawn normal
C A
Sim ilarly, for the region interior to the lens,
J [ p ' z ' c o s ^ 1 i , £ ' )  -  c ^ s f ) J  <tv' -  O
thus, applying Green's theorem,
( [ p ' z ' c o s f  - O
Hence, combining equations (4.27) and (4.28) ,
-  z  c o s  ( f  = ^  G (X/ X* ) ~  £  9 ( ^* /  p'/ z*) ~ p z< cos ( j f  J d$* 
S
= [ g ( l /  x ‘ ) cos jA £  g , ( p', z ’) - ^ z *  J dS1
and so, taking G (r , x* ) = *r -  r ‘
4 ^ p z cos j>  -  [ ■ ■ | T - 1 |  ^  ( g , - f ' 2 ' )  d S ‘
' - 5
Thus a comparison with equation (2,15) yields
< * y ( £ '  z > = ^  ( g « “ f z) / (4.29) .
Expressing equation (4.24) in toroidal coordinates and taking
g ( j) ,yu. , K) = (cosly*- cos k) ,x G ( <f> ,^  , k ) , (4.30)
gives
1 *3 , . , S § r \  y p r  . 1 . 1 _ _
s in h ^  Sm A" 3y^ sinh2^  4
*
and (Hobson, (3), P. 451) the particular solutions of G required are 
of the form
o ( *  , r . K >  -  p ~ . ; t  ( - ^ )  {  z h T k }  {  r  z j
So,using equations (4 .25), (4.26) and (4 .30), g , is of the form
g, = (cosh /,- cos A ) *  + fcosh^) f
with
sinh /a sin A .. ,g = ----- ------ 1 on the- lens‘ (cosh - cos A )
and \  , (4 . 31) .
g , O as y-s. o X ^  2 -a
Consider the function
*c«a
ffi 2 /a , , . _ \ ^4 . ( *T P ( c o s h A O
T «  = T  ( c o s ,y " -  cos^ > J o " Z o s t ^ K X  sinh ( 2 * 7 A  - '  \ j “
fsinh (A -  A jT  sinh ( A ,  -  x )T  + sinh (2-k  + A, -  A )*t sinh ( Aa -  x ) * t j
then
'C o
v|>, = -f1 (c o s h /'-c o s  A)'1 > ° hs^ )  ^ h ( A 1 - x ) - t , d
A,v  o
It  follows from equation (4.9) that
-O o
T  sinh (x - x ) T  -r, 1 /  u  \ j f r  '3 sinhy s inx
c o s h x T   p - i ^ t ' cosV > d T  = -2 % — (coshy - c o s x f ' i  ' (4
'O
0  < x  <-
and hence
_ sinhyu, sin
(coshyuv -  cosAa)2" , (4 .33 ).
Also,
Vp, = o  , (4.34)
and so, as equations (4.33) and (4.34) comply with the requirements
of equations (4 ,3 1 ), we may take
g , = f ,
__ 2*z , « »•/ f  X  (coshH
3 COS C0S 1 cosh x  T  sinh (2x + X, -  A jT
o
JsinhCA-AJT s in h (X ,-x )T  + sinh (2* + A, -  A )T sinh ( Ax- k )t J d T  ., (4.35)
Once again it is found necessary to consider the two regions 
A < 2-k and A >  separately.
Consider first \ <  .
Rewriting equation (4.35) gives -
a = (cosh**- COsA ) /X f  ------- 3-    _ ■g, 3 icosn^ c o s a ;  I cosh x T  sinh (2x + X t-  X J T
°
sinh (A - XJT £  sinh ( X, -  x )T  -  sinh ( A,+x )T  <AT 
• •
. 2 /2- ,  ^  \ \ xh  (  *£ (cosh/^)+ —  (cosh/U -  cos A ) 1 I  r  — ^ . ■, , n  h ------ r—vF"3 /  1 cosh -x T  sinh (2x + X, -  At )T
o
£sinh(2x + A, -*X )T  s inh (X x- x ) T  + s inh (A -A x)T  sinh ( A,+ tc )^  J  MX
r  oo
-2 7/z ,  ^ x xvx f T  sinh t^ T sinh ( A - A X)Tcosh A,T >> i , v
—  fcosh^- cosK ) j  — -cosh x T  slnh (27t+ x, -  X JT  P_W t ( c^ . < T
' 2*/z / , \X '/i f  Tsinh (A - x )T  n 1 /  , x
+ T  (cosh /.- COsX)  bosh X T  P- i +^  (COSh/ A) d T
and hence, from equation (4.32)
_ sinh sin A 
g ’ (coshy^ -  cos A )
►oo
3
/ u \ (  <1-  4. u <r  sinh ( A - A J T  cosh A,T c> i , . \(c o s h ^ - cosX) T t a n h x t  — „ ?_{ ^ ( ^ S ^ ) A X
-Therefore, using equation (4*14),
sinh sin X 16 . . ■ . ■ v .»/,
g . = T c ~ s h £ -~  COS A ) -  " T k  (coshA -  oos X )
x  \  - S i (| k + £  - ° Z x X{  J [ f . (u ' ^ } T c o s T u  -  f & ' H  s l n T u ] d u l f  d T
» 0 0
sinh sin X 16 . , , , % -.■/,
o - s h ^ c o i i T  “ ^ r sinhr  (cosh/ A“ cosA 5(c sly^
koo
n-a s i n h ( X - X j T  coshA/T _  _
T  " s inh (2tt + A , - A JT  cos T  u d L du
v^ O
- J fju //*)
A-
How ever,
A CO
rr- sinh (A -  A J T  coshA.T . _T  :~T~ /A" , ,------ ;- -v— 1 sin l  u d Tsinh (2x +A, -  Aj.)T
1— o
du , (4.36)
A co
s i n h ( A - A j T  coshA.T _
 i~7 o r i  ' COS T  U d Tsinh (2 *  + A, -  Aj.)T
1 f sinh (A -  A, -  A JT  t- j< t -  , 1
T  1 — 7~ T T 7 n —  r - y f  cos T  u dT  + —2 \ sinh ( 2 * +  A, -  Ax / t  2
/•©©
sinh (A+A, -  Ax )T  j<r, /o , \ r~pF cos aul A Isinh (2 x  + A, -  A J T
7T
4 (2k  + X, -  Aj.)
X  -  X , - A x
2 x  + X, -Xx
cosh + COS X X -  A , -X>
2?c + A. “ Ax
sin x
A +  \ , - X x  1
2k + A, -  Ax
cosh I  U K ,\  2 x +  A, “ Aj^ + cos
(  _  X + A, -  Ax.
\  2 k  + A, “ Ax
noo
sinh (X. -  AJT coshX ,T^. _ j  r i .  J<T. sinh (A- AJTcosLA/T^ t . .  A t
sinh (2?c + A, -  Xj. )T  J s in h ( 2 * r + A , - A jT
^ slnh 
4 (2x+  A, -  Aj.)
sin x
2x + A, -Ax;
cosh f  u tc \ X -  A, -  Ax ^
A,-Ax) + cosr  "2x+ At -  Ax)
sin 17^ A + A, -Ax)
2x  +A, ~Ai)
u x X + Aj -  Ax
2x + A, -  AJ COSl 5C 2x+A, -  Axr r j + cos(:
, (4. 37)
and
sinh ( A - A J T  coshA,T«-x ^
"sinh (2x+X,- AJT ^co sT u  dT =
* *  C0Shf 2 ^ f f i r J
4 (2 *+A, -A * )3
OO
sinh (A-XJT coshA.T 
   , , n  . .--------------—  cosX u d Tsinh (2r+ A, -  A JT
s i n f x T l
( 2x + A, -  A» I
+ COS x A -  A, -  Ax
2x + Av -  A-x
sin ^x A + A» -  Ax2*x + A, -A , )
cosh A + A, -A x V
2 x + A| -  Ax /
- *isinhT 2Jx,~)
2 ( 2 *  + A, -  A J 3
. / A -A , -A x '
sin j x ----------------
A -t- At -  Ax
cosh ( 2 .  + A, -  aJ] + cos (
;  a -  A, -  K
C0S|X 2*+A , -  K
. I  A + A, -  Ax \
SU1 z -k  +  A, -  A J ___________
cosh ( 2 k UX a— J  + cos ( *  z V t A v ' - x ) ,
X | —
2 z
, (4.38)
and hence, substituting equations (4.37) and (4,38) into equation 
(4. 36),  we get for \  < X *  ,
_ sinh ^  sin X •
(coshyU-cos A J 1
4 x  sinh
3 ^ 7 '  ( C O S h ^  C ° S X )
r  OO
\ f i t c o s h ( 2x+\ X - \ J
( 2 x  +  X , -  A J
sin |x X  -  X ,  -
2 x  + A , - A j
cosh ( u xV 2x + A.
\  . I  k  -  A ,  -  A x  X
, - aJ  + cot  2^ + X , - aJ
sin 7C X + X t — Xj.
2 x  +  A ,  -  A z
, /_  A + X, - A z
COS(K 2-k + A, -  Ax )
cosh | - urc
2 x  +  X ,  “  A x
- 2 x  f, (u,^0 sinh1 u x
12 x  +  A ,  -  X  J
{ 2 n  +  A ,  -  A J
sin ^x A - A , - A x '
2x + A, ~AX>
cosh I 2 tc+ A, -  A z j
/  X  -  A , - A ,  
COS [ X  2x  + A, “ A J
sin x X  +  A , - A x  > 
2 x  +  A ,  -  X x ,
c o s h U  + cos ( *
A  + A ,  -  A x
2 x  +  X ,  -  A z
- f z (uy<J sinh ^
u x
2k + A ,  -  A x
sin jx
A  -  A ,  - A x 
2 A+ X| ~
cosh L +T - x J  + cos(*
A - A , - X x 
2x+ X(-  Ax
sin x X  +  A , -  A x  '  
2 t c+ A ,  — A j .
I  U 7 C
+ COS X
A  +  A ,  — A j .  
2k + A , -  Ax
du , (4.39)
For A >^,7C j equation (4.35) may be rewritten as 
jt f  °° I
Q -  2 l- X (coshM- COS A )'/v _ I ^  ^^ (cosh Aa)_________
- ' 3 " J cosh-xT sinh (2 *  + A, -  Az )T
* D
sinh (2tc+ A, - A,.)X f  sinh (Ax- k )T -  sinh ( A^-SjcJT dT
+ P  (coshu.- co sA )V  (  -  (cody*)
3 /  J c o s h x T  sinh (2 x + A ,  ~ A J T
0
£ s in h (A -A x)T  sinh (A,“ x ) T +  sinh (2tc+ X ,  -  A )t  sinh (Az- 3 k  )t J  dT
2 /x
= -r- (cOShy»A- COS
X X»A r °  ^  , S u vk(^ -fX ,-A )T  ,
j  ta n h x T  w . W ( a ^ A I- A j T
*<»
, 2/x . . »'/z ( T  sinh ( A - 3 x  ) T  1 , , *
+ 3-  (coshyU.- cos A ) j  d S s h x T  - i  + l ' t  (cosh^-) d T
thus, using equation (4 .32) ,
_ sinh /Aa. sin X
^ ‘ (cosh^A.— cos A )X
r 00
27/x »+  ”  (coshyu- COS A Yx _  s l w l v i  -X)T 'ce sivCAa.-X^T I ■ 4 .T  ta n h *T  •------- — 7 -7 ;------. v  ^ --------tP - .  - ^ s U ^ T1u^ U (J jc^ A ,-A J T  7 '
and, from equation (4 .14 ) ,  it  follows that
sinh K  sin A  . 1 6  . , ,  , \
9 ' = (c o s h fi c~ s~k T  + ^ ^ ( c o s h ^ - c o s A )
f  T s in h  (2k+A,  -  X )Tcosh (Ax-2a )T  I f  f  f  f  No_ ^  Vf.-
j ------------ sinh ( 2 * - s - A , - A J T ' -(  J L |X - (r ^  - s T uX „ „ . , M A „ .
Jo ^
sinh M- sin X . 1 6  . , , , \ j/ ,
= (coshyu- c o s T 7  + I k  smh/"  (cOSh^ '  COsX >
£ f,(u ,^ 0
r
r  (  x
V  s i n h ( 2 x + X , - A j T
vi n
sinh (2?c + A,-  A)X cosh (Ax~2k )T  x    T  c o s T u d Csinh (2tc + A, -  A jT
~ o
sinh (27e+ A,-A )T_cosh {\^-2-k)T T s in T u  d T  J du (4.40).
However,
o o
cos X u  d Xsinh (27v+A, -  A )T cosh ( A ^ t Q T  sinh (2k +  A, -  A jx
 ^ sinh (A. + A*.- A )X ^  1 ' ' sinh (4jc+..A,-A--Aj.)X _— r-r -->0—n ------n ~ c o s X u  + -  — . -r \ n :— -— c o s x u d xsinh (2tc + A, -  AJX 2 sinh (2k + A , -A J T
7 1
4(2tc+A, -Aa.)
\  27C+A,'"Aa./sin 7: Z a - a,
COsh + c o s ( *  2 .  + X - X ,
A, + Ax— A
sin Xt 7
4k + X|~*A A,
2k + \ , “  A j. y
cosh f - -u *  , \
V  2 t v . +  A,-Xx / + cos X
4t: + A| — A -  Ax
2tc+ A,-
, OO
s^ l S \  (p -K .+ A -Ayrcosk(Xa.-2^T)r^ .
Ai^X A,—Aa}x
4(2x + A,-A,.)'
sin L k k i \
 ^ 2 x + A , ’-Axj
cosh L t ^ - x t ) + cos( *  2k +Aa,~ A ;)
sin x 4?: + At -  A -  A  ^
2x + A,- Ax
[ c osh( 2<+r - A ': ) + cos ( *
4 k + A i -  A -  A x
27C+A,“ Aj.
, (4.41)
and
S U.vA*- A. I -AVr Co _ y  f A ,-^T<^sL(X ,-^)T msT^  ^  
) sC^.U(^c-^A,--AiA I
x *  cosh ( & T V X V  ■'
4 (2k +A, -  AJ3
, /  A| +Ai_—A \
SH X * T v T J
A t + Ax ~ A 
2 k +  A t ”  A z
sin^x 4 x +  Af -  A - AO
2x+ Ai“ Ax
[cosh UT-0 + COS X 4x+ A!-.A -  Aj.VI* ' 2k + A,- Aj. / J
3 . ,> /  u xX  sinh I;2k  + A, -  A j.
2 (2x+A,-Ax)3
. ( A , +  A x -  A Vs in  I x  — ■■—  r~ I
\  2 x  +  A | “  A x  /
[ ~ * U T - J  + cos(*
A, + \ x ” A 
2 k .  +  A, ”  A :
• / k  A, ~ A ~  Ax^
s m r  2k + a, -  ax j
r  , I  u x  \ {  4x+  A, -  A r- AXA
[  ■ I j^ h w r )  + cos r  2 , ^ - a ,  i (4.42)
Therefore, substituting equations (4.41) and (4.42) into equation 
(4.40) , and noting that
cos x 4k + A, — A -  Ax 2k + A, -  At cos X
A  + A t - A x
2k + A, -  A,
and
sin x 4 x + A, — A Ax 
2x + A, -  Ax
A +  A t ”  Aa
2 k  +  A ,  ”  Ax
we get the same expression for g , as given in equation (4 .39 ) ,  
which therefore is va lid  for the whole range of A .
H ence, from equation (4 .2 9 ),
= “V  H ) "  -fe , -  oonshhM~ SS lA  }
=  s 'lL + r A s -  {cosv -  c ° sw
3 v  '=1 c s yU-
( c o s h c o s  X )
/! <*>
■■K f, (u ,/-) cosh ( a - ^ y )
(2k + A, -  AJ
sin ^ A -  A, -  A:2x +A, -  Aa■)
[cosh( 2x + x , - x J  + cos ( *  f e x r - x j ]
sin x
+ (7
A  + A ,  -  Ax  
2 x +  A , ~  A x
cosh L - * *  \\ 2 k + A, -  Ax / + cos \ x
A  +  A, — Ax
2k +A. “ Ax
1  2.
- 2xf - (u- ^  sinhV ( s ^ x r r j
( 2 k  +  A, -  A J
sinfxt
X
2 k +  A, -  Ax
_ [C0sh ( y . ' + X - O  +  COS ( *  2 x A ' , - a J
sin A 4~Ai ”  A x
2k  + A. — A-
[cosh U7 x,-xJ + cos (* L+X.-xl).
Sinh ( 2k X - x t )
sin |x A  - A , - A x2k + A,
i k " \
-  Ax I
_c osh( 2X J  + cos ( *  L + x , - V J
[ cosh f c + I - X . )
X  +  Xi  — X isin x
A  +  Ai  — Ax+ COS *
2 k +  A
,  ( 4 . 4 3 )
A-<\ ,
V. Evaluation of the couple on a sphere.
When the lens becomes spherical in shape,
K 7 A1 _ iA, -  ^
and hence
i . - ¥
and
and
3k .
j- = ~5T
t
3 k
Therefore equation (4. 23) becomes
( - 1)
^ sinhyi^ coshy^ j  j A  « >/'"")
1 -  cosh ik cos A 1 + cosh cos A.
(cosh ik -  cos A A (cosh vk + cos X )*
-  f x ( ^ , / - 0 sinhu
1 1
( - 1 )'
e«+t
cosh w -  cos A cosh 'u. + cos X du
s in h ^ 'co s h r  J - [ ^
f  x ( u-#yLK.) sinhu  
(cosh «k -  cos^X)
and,using equation (4 .15) ,
du i]
S~o ^  SinhyU coshy^. j  ^ c o s U y ^ -- C a S .X ) '1’ CosX.
,oo
coshiK sinh ik du
(cosh^iK -  cos* X r  (coshiK -  cosUj^ V
■ oo
sinh u du^  s in h ^ fc o s h ^ )^  j  — 5.u (cosll- - -  c o s h ^ A 3-
h
3 sinh ^
4 k  COShykK , (5.1)
Sim ilarly , from equation (4 .43) ,
°"ii =  3^1" s in h ^  c o s h ^ ^  —-  co
■>0 o
f , ( ^  » f ^ )  coshu (coshu.+ cos A ) ( c o s h u -  cos X ) =]
-  2f , ( ik ,y^ v.) sinli'u (coshu + cos X Y  (coshu -  c o s A )
+  c o s k T (coshu -  cos X T du]
and hence, it follows from equation (4.15) that
cru ( | k , ( |J  = .  s i n h y o v c o s h ^  ( c o s t y ^ - - t o s  X V  A s.v^X
sinhu (3 coshf'u + cos* A ) du
(coshu -  coshy<K ),/a- (coshHi -  cos^A)^
©o
= ^  ^  - s inhyiK (co s h ) 3/i sinhu ducosh*"u (cosh u -  coshyu. )Vl-
-  -5 ( - l) ° "  sinh^K
4 k  cosh^^K
Substituting these values of <r,0 , (|x) and Q“u (  j ^ , i n t o
equation (3 .15) ,  the only problem encountered is the solution of 
the double integrals B ( - ^ , ~ - ) ,  B(— ,^ ~ )  and B (-^ - , ^ - )«1  i  X 2* 2- JL
However, from equation (3 .12) ,
- B ^ , , * ] , )  -  2 B ( ' | , A ( l p
(S. 2)
£ [
sinh* ^ ix  ( a^ /<]> ) + s inhV^
(coshy«^ -  cos (j, )* (cosh f ^  -  cos fjx )3 du , (5
where <rlx (y^/^<J is defined by equation (2 .16 ).
For the sphere r = 1, we have
^ = sin© -and z .= cos 0  ,
thus equation (2.16) becomes
i  sin 6 cos*© cos ^ ^ ^~ix | cos<^*
+ 1  J CO \ r - £ ‘| ^  .
S
Also, for the sphere
^ = tan iy^
in terms of toroidal coordinates, and hence, using equation (5.1) 
i  sin 8  cos5"© cos (j) = ^ <T'la_C© 0  1 -  "  -  1
+ s ^ . e  £ - £  1 <-«s. AS
8K J
s
Therefore, using the expansion for | jr -  X f | *n terms of spherical 
harmonics given by Hobson, (3) , it is easily determined by elementary 
potential methods that
’ < r  ( 6 )  =  — — P |  f e e s . © )  — — —  P  ' ( CoS 9s)
■ 8 tc '  (,OK *  V .
or, in terms of toroidal coordinates,
. ' \ 1 . , , , 7  sinh
^  (M J  = s i  tanlr  + 1^~  cosh>;-
Thus, for the sphere, equation (5. 3) becomes
oo .
1 n ( * K  \  1 tv /■ 3tc x . 2 I s i n h , 7.-? A(— ) - TA(— ) + 5 ^  ]  + sinhcosh6^
and so, it follows from equations (3.13) through to (3 .18), (5.1) and 
(5. 2) that
G. W  j .I X t z  J o c c S k ^  J o cosLyi^
©<*a
t i c ^ r y ^
= - 8 ^ ' <\ [ , +  I T  -  " T  ]  +   ^ , (5.4)
in agreement with Shail, (2). •
Alternatively, using equations (3 .5 ), (3.17) and (5 .1 ), the integrals
I = - B ( ^ - , - ^ - )  -  2 B ( ^ - , ^ )  -  B ( - ^ , - ^ . )
may be transformed directly to polar coordinates to give
A r^K.
( I  i  s^l^ •auG^ ^ 9, ^ ^32 a  w _ vo o o
Again, this integral presents some difficulty, but one 
method of solution is to express it as
i = J J s^J^e - ossetos.B1 _ s ^ e  ^ 9 ' t o s
Jr — r 1 J * cos ^  * (^-S cLS* c k -ft 
and then use the expansion given by Hobson, (3)> for 
Jr - r r| 1 in terms of spherical harmonics*
After some tedious, but straightforward analysis, the 
result
  \  1  = k  ■ ( 5 * 5 ) .
follows directly.
T h e r e f o r e ,  i t  f o l l o w s  from  e q u a t io n s  ( 3 „ l 4 ) ,  ( 3 . 1 3 ) ,
( 3 « l 6 ) »  ( 3 « 1 8 ) ,  ( 3 * l - ) »  ( 5 * 2 ) and ( 5 , 5 ) t h a t
G = - 8 t: ; ^  f  °° J -2
  \ : ^  +  04\J q 'CoS^v- ' S t z J < * / *CosUyOv ' ;
+ . O M
= - 8 tc t i +
H-ol
I T
oL
]  +  0 ( * - )
3-S b e f o r e
V I. Evaluation of the couple on a d isc.
When the lens takes the lim iting form of a d isc ,
K  = = *
and hence --
i = 3 k  and ^  •
Therefore, we get from equation (4 .23) ,
= B r i - f  V (COSh^ + ^  [ t o s t y .  -COS X ) * [ " {  I f ,
1 + cosh 1 COS T 
(cosh £ + COS ^ )*
1 -  cosh ^ cos ~  
(cosh ^ -  cos -  )xI  TL .
- f r  ( Sinh ~ cosh ~ + cos k 2- 2. cosh -  -  cos ~X X
du
and so, using equation (4 .15) ,
/  n \OL+l N. t*
crto(y ^ ,^ J  = -4 sinhy^(coshy^+ 1) —  e e ^ X ) 2’ -
f sinhu (coshu -  cosh cosh t  (sinh2, ~ -  s in * t  ) (cosh1 ^  -  cos1 ^ )x
2 cothu sinh X 
(coshx ^ - c o s x X ) du
o sinh^(coshy^+ 1)3/x
to
usinh x du
cosh'*' £  (coshu -  coshy^)(/»
=  _J_ ■'sinh-/Si
K * ~  1
, (6. 1)
Thus, it  follows from equations (3 .5) and (3.14) through to (3.18)
that
o
G -  -8 x J ^  . (coS 4-1
2V* *
03/00 /2-K
—L av
--------- *------------ <-----------------------JJ—  [c o s iy -
o o . o
\  C—£3 S
Vx
L av' - I
4 d
3 * s
( c o s lv ^ v  -4- 0  ^  ^ C o s L ^ ' - f '
— sL J U ^s ^ L ^ v1 cosva^ J l u s u
+ o M -
The triple integral presents some difficu lty , but, in cylindrical coordinates,
sinh £ L
^ cosh + 1
= tanh fc- 2 .
and
 £ ___ = p i n h ^1J-/F S
and so, transforming the integrating factors i-nto
respectively, leads to
r  * p -
G = - 8 x J
p  if A p |  . Vi
*■<) | ——— _ —— I f -—&■■■£■'------ r (  ■'*■ p'1"  p'c-^5-') Msud-jds'el
1 6  < < 3  1  
2 7  K 3 J , (6 . 2)
However, Shail has shown that 
'L  o V ^
£ N .B . There is a minor misprint in (2), the above being the 
correct re suit. J ■
Hence equation (6 .2) becomes
G
3 ^ ;
( i f - 0
( i - f f
(4>c<
01 ]
"i
-3 2
3 i [
1 +
©c W ] + o  (oc" )
In agreement w ith S hail, (2).
0  (."<*)
, (6.3)
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